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This Supplemental Material (SM) explicitly derives the matrices Q(", H&ﬁ? and FE’"Q (for r = 1,2), that
are appearing in the analytical solution of Section 5 of the main article. We first expand the governing
equations of the main text (A5.5) !
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Substituting the eigenmode (A5.8) to the above, we obtain
kir) (LU%AN(T) + W2J\/'(T)) _ kér) (A./\/’Q(g?, + ngN(r)> kér)w%ANQ(r) =0, (4)
k7 (w2 AN + ANG )~

kS (@B ANST 4+ wa ANGT) — kw2 AN + 0y [C(f) jiANgf” - wlAQJ(")} =0, (5)
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— A" —WEAS™ + AL — o) {w%ACI)(T) + C(f)fowlANé”} =0, (6)
0

where C(") = C(f) / CIET). One can show that the above set of ordinary differential equations admit a general
solution of the form (A5.9). The above, upon substitution of (A5.9) yields a set of three homogeneous
algebraic equations (A5.10), where Q") is given by

k(’) 2 + k(T) 2 k(T) 2 (k(T) k(Tl))WQP 0
Q(T") = (k,Y) kér)) k(") k(")w2 + k‘ (r) 2 + C(r Y)d%/ao C(r)dowl
0 c<r>c(l )dow1 /2o (14 CNw? + w2 — p?

(7)

To obtain a non-trivial solution of (A5.10), the condition det[Q(")] = 0 must be satisfied. This condition
leads to a characteristic bi-cubic polynomial in p given by (A5.11). Subsequently, the eigenmodes AN; and
AN, are given in (A5.12).
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Then, it only remains to calculate the unknown amplitudes E from the interface conditions (A5.6),
(A5.7) and the boundary conditions (A4.3) and (A5.2). For that, we write the interface conditions (A5.6);
and (A5.7); at z3 = 0, such that
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[AVe] =0 = Y P ANy ® - Pan ) =, (8)
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I=1
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[ae] =0 = S (® W) =0 (10)
I=1

Similarly, the interface conditions (A5.6)2 and (A5.7)s are now obtained explicitly as
|:|:£§))7’ian,(7') Ankvlﬂ =0 - |:|:k§7) (ATLQ,S — Angvg):” =0
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Equations (8), (12) and (13) are now re-written in the following matrix form:

HEQ)SQ(?) - Hgl)sc’(l)’ (14)
where
ANy AN AN
HO = K0 (AR + f0AREO) KD (wnARE0 4+ pOARED) K (AREO 1) A0
eopt” /CY” copy” /CY” cops” /CY”

with r = 1,2. Similarly, (9 — 11) are now expressed as

HgQ)gs,(Q) — Hg1)£57(1)7 (15)
where
AN;:(T) A./\A[327(T) AN§7(T)
H") = 1 ! :
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The boundary conditions (A4.3)3 and (A5.2)5 lead to

3
AN =0 = Y {&7Psinh(p0P)) + €7 cosh(p? ) AN, P =0,
I=1
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I=1

3
A2 =0 = Y {&® cosh(pPr?) + @ sinn(pP )} = 0.
I=1
The above equations can be expressed in matrix form as

F£2)£c7(2) — F§2)§S’(2),

where
Cosh(p?)@éz))A/\?Ql’@) cosh(p(zz)féz))Aﬁ;’@) cosh(pgz)ﬂgQ))Aﬁj’(z)
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and

- sinh(p(lz)ﬁg))Aﬁzl’@) - Sinh(pgz)égQ))Aﬁg’(z) - sinh(pg2)£§2))AJ\Af§’(2)

FgQ) = —cosh(p?)fém)A/\A/})l’(Q) —cosh(pg)é?))A./\Afg’@) —cosh(p§2)€§2))AJ\7§”(2)
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Similarly, from (A4.3); and (A5.2);, we obtain
F£1)£CV(1) — Fgl)ésv(l)’

where the matrices Fgl) and Fgl) are given by

cosh(pgl)ﬁgl))Aﬁgl’(l) cosh(pgl)ﬂél))Aﬁg’(l) cosh(pgl)ﬁél))AJ{\/';’(l)
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— cosh(py"£5") —cosh(pg"t5") — cosh(p5¢5")
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(20)

Finally, from (14), (15), (19) and (20) we obtain the set of 12 homogeneous algebraic equations, which is

put in the compact form
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In this expression, M is the matrix defined in equation (A5.13) in the main text.
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