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A B S T R A C T

This work puts forth two families of fully explicit continuum or phenomenological models that are constructed
by approximating an analytical (but implicit) homogenization solution recently derived for the free-energy
function describing the macroscopic magnetoelastic response of two classes of MREs comprised of an isotropic
incompressible elastomer filled with a random isotropic distribution of: (𝑖) spherical iron particles and (𝑖𝑖)
spherical ferrofluid particles. Both families are given in terms of free-energy functions 𝑊 𝐻 = 𝑊 𝐻 (𝐅,𝐇) that
depend on the deformation gradient 𝐅 and the Lagrangian magnetic field 𝐇 and are constructed so as to agree
identically with the homogenization solution for small and large applied magnetic fields, this for arbitrary
finite deformations and arbitrary volume fractions 𝑐 of particles in the entire physical range 𝑐 ∈ [0, 1]. The
accuracy of the proposed phenomenological models is assessed inter alia via the direct comparison of their
predictions with that of the homogenization solution for a boundary-value problem of both fundamental and
practical significance: the magnetostriction response of a spherical MRE specimen subject to a remotely applied
uniform magnetic field.

1. Introduction

The purpose of this paper is to introduce two families of fully
explicit free-energy functions to describe the macroscopic magnetoe-
lastic response of two classes of isotropic MREs (magnetorheological
elastomers) under arbitrary finite deformations and finite magnetic
fields. The first class is a conventional one, that is, the MREs are
comprised of an isotropic incompressible elastomer filled with a ran-
dom isotropic distribution of spherical iron particles. The second class
corresponds to a new class of MREs that have been only recently intro-
duced theoretically [1]: those comprised of an isotropic incompressible
elastomer filled with a random isotropic distribution of spherical fer-
rofluid1 particles. The proposed free-energy functions are constructed
by approximating an analytical homogenization solution recently put
forth in Lefèvre et al. [1] for such two classes2 of MREs; while analytical
in form, the solution of Lefèvre et al. [1] is implicit in that one
nonlinear algebraic equation, dependent on the material properties of
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E-mail addresses: victor.lefevre@northwestern.edu (V. Lefèvre), konstantinos.danas@polytechnique.edu (K. Danas), pamies@illinois.edu (O. Lopez-Pamies).

1 As opposed to the conventional iron particles, ferrofluid particles are highly deformable. It is this high deformability that imparts superior properties to the
resulting MREs; see Section 6 in Lefèvre et al. [1].

2 The full version of the solution of Lefèvre et al. [1] applies to 𝑁 = 2 and 3 space dimensions and any arbitrary isotropic suspension of magnetizable particles;
this includes particles of any shapes that may appear isolated or in clusters, so long as the microstructure is isotropic. The focus of this work is on the practically
prominent case of particles that are made of iron or ferrofluid and are spherical in shape.

the elastomeric matrix and particles and on the applied deformation
and magnetic field, needs to be solved numerically for its evaluation.

It is by now plain that the construction of purely continuum or
phenomenological (i.e., top-down) models to describe and predict the
macroscopic magnetoelastic response of MREs is likely to remain diffi-
cult because of the challenges of carrying out experiments that probe
their material (and not structural) behavior over a meaningful range
of deformations and magnetic fields. On the other hand, the con-
struction of full-blown homogenization (i.e., bottom-up) models to
describe and predict the macroscopic magnetoelastic response of MREs
is likely to remain of little practical use because of the computational
costs associated with their deployment to solve macroscopic boundary-
value problems; nevertheless, homogenization-based approaches are
expected to be very useful to understand key microscopic mecha-
nisms; see, e.g., Keip and Rambausek [2], Danas [3] and Lefèvre
et al. [1]. In this context, the free-energy functions proposed in this
paper can be thought of as a necessary compromise between the two
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approaches. Indeed, the proposed free-energy functions can be viewed
as phenomenological (top-down) models that are easy to implement
numerically to solve boundary-value problems and that, at the same
time, are grounded on rigorous homogenization (bottom-up) results
and hence are expected to be descriptive and predictive of actual MREs.

The paper is organized as follows. We begin in Section 2 by intro-
ducing notation and by recalling the basic equations for the continuum
modeling of magnetoelastic solids. In Section 3, we spell out the
homogenization solution of Lefèvre et al. [1] for the case of MREs
containing iron particles and recall some of its key theoretical and
practical features. We devote Section 4 to the construction of the family
of explicit free-energy functions for such a class of MREs. In an entirely
analogous manner, we spell out in Section 5 the homogenization so-
lution of Lefèvre et al. [1] for the case of MREs containing ferrofluid
particles and then present in Section 6 a family of explicit free-energy
functions for that new class of MREs. We devote Section 7 to assess-
ing the two families of proposed models via direct comparisons with
the homogenization solution. These include comparisons between the
predictions generated by the proposed models with those generated by
homogenization solution for the magnetostriction response of spherical
MRE specimens subject to a remotely applied uniform magnetic field.

2. Preliminaries

Kinematics. Consider a deformable and magnetizable homogeneous
solid that occupies in its initial configuration a bounded domain 𝛺0 ⊂
R3, with boundary 𝜕𝛺0 and unit outward normal 𝐍. We identify mate-
rial points by their initial position vector 𝐗 ∈ 𝛺0. Due to externally
applied stimuli to be described below, the position vector 𝐗 of a
material point moves to a new position specified by 𝐱 = 𝐲(𝐗), where 𝐲 is
a mapping from𝛺0 to the current configuration𝛺, also contained in R3.
We consider only invertible deformations, and write the deformation
gradient at 𝐗 as

𝐅(𝐗) = Grad 𝐲.

Constitutive behavior. Absent dissipation effects, the constitutive behav-
ior of the solid is taken to be characterized by a thermodynamic poten-
tial that describes how the solid stores energy through deformation and
magnetization. We find it convenient to make use of thermodynamic
potentials corresponding to ‘‘total’’ free-energy functions which com-
bine the mechanical and the magnetic contributions [4]. Two versions
of this are particularly useful:

• The (𝐅,𝐇) formulation. This case corresponds to making use of a
free-energy function

𝑊 𝐻 = 𝑊 𝐻 (𝐅,𝐇), (1)

where the Lagrangian magnetic field 𝐇 plays the role of the
independent magnetic variable. In terms of (1), the total first
Piola–Kirchhoff stress tensor 𝐒 and the Lagrangian magnetic in-
duction 𝐁 at any material point 𝐗 ∈ 𝛺0 are simply given by the
relations

𝐒(𝐗) = 𝜕𝑊 𝐻

𝜕𝐅
(𝐅,𝐇) and 𝐁(𝐗) = − 𝜕𝑊

𝐻

𝜕𝐇
(𝐅,𝐇). (2)

• The (𝐅,𝐁) formulation. This case corresponds to making use of a
free-energy function

𝑊 𝐵 = 𝑊 𝐵(𝐅,𝐁), (3)

where the Lagrangian magnetic induction 𝐁, instead of 𝐇, plays
the role of the independent magnetic variable. In terms of (3), we
have the constitutive relations

𝐒(𝐗) = 𝜕𝑊 𝐵

𝜕𝐅
(𝐅,𝐁) and 𝐇(𝐗) = 𝜕𝑊 𝐵

𝜕𝐁
(𝐅,𝐁). (4)

Remark 1. If a given free-energy function (1) is concave in its second
argument, it follows that (3) is its partial Legendre transform. Precisely,

𝑊 𝐵(𝐅,𝐁) = (𝑊 𝐻 )∗(𝐅,𝐁) = sup
𝐇

{

𝐁 ⋅𝐇 +𝑊 𝐻 (𝐅,𝐇)
}

. (5)

By the same token, if a given free-energy function (3) is convex in its
second argument, (1) is its partial Legendre transform:

𝑊 𝐻 (𝐅,𝐇) = (𝑊 𝐵)∗(𝐅,𝐇) = − sup
𝐁

{

𝐁 ⋅𝐇 −𝑊 𝐵(𝐅,𝐁)
}

. (6)

Remark 2. The total Cauchy stress 𝝈, Eulerian magnetic field 𝐡, and
Eulerian magnetic induction 𝐛 at the position 𝐱 ∈ 𝛺 occupied by the
material point 𝐗 in the deformed configuration are given in terms of
their Lagrangian counterparts by the relations

𝝈(𝐱) = 1
det 𝐅

𝐒𝐅𝑇 , 𝐡(𝐱) = 𝐅−𝑇𝐇, 𝐛(𝐱) = 1
det 𝐅

𝐅𝐁. (7)

Moreover, the magnetization 𝐦 (per unit deformed volume) at any
𝐱 ∈ 𝛺 is given by

𝐦(𝐱) = 1
𝜇0

𝐛 − 𝐡, (8)

where 𝜇0 = 4𝜋 × 10−7 H/m stands for the permeability of vacuum.

Remark 3. For isotropic solids, the case of interest in this paper, the
free-energy function (1) admits the representation

𝑊 𝐻 (𝐅,𝐇) = 𝑊 𝐻 (𝐼1, 𝐼2, 𝐽 , 𝐼𝐻4 , 𝐼
𝐻
5 , 𝐼

𝐻
6 ) (9)

in terms of the six standard invariants

𝐼1 = tr 𝐂, 𝐼2 =
1
2
[

(tr 𝐂)2 − tr 𝐂2] , 𝐽 = det 𝐅, (10)

and

𝐼𝐻4 = 𝐇 ⋅𝐇, 𝐼𝐻5 = 𝐇 ⋅ 𝐂−1𝐇, 𝐼𝐻6 = 𝐇 ⋅ 𝐂−2𝐇, (11)

where 𝐂 = 𝐅𝑇𝐅 stands for the right Cauchy–Green deformation tensor
and where, for convenience, we have maintained the same label 𝑊 𝐻

in the right-hand side of (9) in order not to introduce separate notation;
see, e.g., Steigmann [5] and Dorfmann and Ogden [4].

Similarly, the free-energy function (3) admits the representation

𝑊 𝐵(𝐅,𝐁) = 𝑊 𝐵(𝐼1, 𝐼2, 𝐽 , 𝐼𝐵4 , 𝐼
𝐵
5 , 𝐼

𝐵
6 )

in terms of (10) and the invariants

𝐼𝐵4 = 𝐁 ⋅ 𝐁, 𝐼𝐵5 = 𝐁 ⋅ 𝐂𝐁, 𝐼𝐵6 = 𝐁 ⋅ 𝐂2𝐁. (12)

Boundary conditions and source terms. We now specify the external
stimuli applied to the solid, which comprise both prescribed magnetic
and mechanical boundary data and mechanical source terms in the
bulk.

Magnetically, consistent with the manner in which magnetic fields
are applied in practice, we take that the solid is immersed in a sur-
rounding space (e.g., air) where there is a heterogeneous magnetic field
𝐇(𝐗) and corresponding magnetic induction 𝐁(𝐗) that result by the
nearby presence of permanent magnets and/or electromagnets and by
the interaction of these with the solid and possibly other magnetizable
bodies. We then have the boundary condition

𝐇 × 𝐍 = 𝐇 × 𝐍, 𝐗 ∈ 𝜕𝛺0 (13)

or, equivalently,

𝐁 ⋅ 𝐍 = 𝐁 ⋅ 𝐍, 𝐗 ∈ 𝜕𝛺0 (14)

over the entirety of the boundary of the domain occupied by the solid.
Mechanically, on a portion 𝜕𝛺

0 of the boundary 𝜕𝛺0, the deforma-
tion field 𝐲 is taken to be given by a known function 𝐲(𝐗), while the
complementary part of the boundary 𝜕𝛺

0 = 𝜕𝛺0 ⧵ 𝜕𝛺
0 is subjected to

a prescribed mechanical traction 𝐭(𝐗). Precisely,

𝐲 = 𝐲, 𝐗 ∈ 𝜕𝛺
0 and 𝐒𝐍 = 𝐭 + 𝐒𝑀𝐍, 𝐗 ∈ 𝜕𝛺

0 . (15)
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In this last expression, 𝐒𝑀 stands for the Maxwell stress outside of the
solid; see, e.g., Kankanala and Triantafyllidis [6] and Dorfmann and
Ogden [4]. In the case when the solid is surrounded by air,

𝐒𝑀 = 𝐅−𝑇𝐇⊗ 𝐁 −
𝐽𝜇0
2

(

𝐅−𝑇𝐇 ⋅ 𝐅−𝑇𝐇
)

𝐅−𝑇 ,

where 𝐁 = 𝜇0𝐽𝐅−1𝐅−𝑇𝐇 and where we emphasize that the mean-
ing of the deformation gradient 𝐅 in the air needs to be interpreted
appropriately; see Section 7.2 below.

Throughout 𝛺0, we also consider that the solid is subjected to a
body force

𝐟 (𝐗), 𝐗 ∈ 𝛺0. (16)

Governing equations. Absent inertia and in the context of magnetostat-
ics, the relevant equations of balance of linear and angular momenta
read as

Div𝐒 + 𝐟 (𝐗) = 𝟎 and 𝐒𝐅𝑇 = 𝐅𝐒𝑇 , 𝐗 ∈ 𝛺0 (17)

while the relevant equations of Maxwell read as

Div𝐁 = 0 and Curl𝐇 = 𝟎, 𝐗 ∈ R3. (18)

When using the free-energy function (1) as the constitutive input,
the balance of angular momentum (17)2 can be automatically satisfied
by enforcing material frame indifference – that is, by making use of
free-energy functions such that 𝑊 𝐻 (𝐐𝐅,𝐇) = 𝑊 𝐻 (𝐅,𝐇) for all 𝐐 ∈
𝑂𝑟𝑡ℎ+ and arbitrary 𝐅 and 𝐇 – while Ampère’s law (18)2 can also be
automatically satisfied by introducing a scalar potential 𝜓 such that
𝐇 = −Grad𝜓 . It then follows that the governing equations for the solid
reduce to the following coupled system of boundary-value problems:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Div
[

𝜕𝑊 𝐻

𝜕𝐅
(𝐅,𝐇)

]

+ 𝐟 (𝐗) = 𝟎, 𝐗 ∈ 𝛺0

𝐲(𝐗) = 𝐲(𝐗), 𝐗 ∈ 𝜕𝛺
0

([

𝜕𝑊 𝐻

𝜕𝐅
(𝐅,𝐇)

]

− 𝐒𝑀
)

𝐍 = 𝐭(𝐗), 𝐗 ∈ 𝜕𝛺
0

and

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Div
[

𝜕𝑊 𝐻

𝜕𝐇
(𝐅,𝐇)

]

= 0, 𝐗 ∈ 𝛺0
[

𝜕𝑊 𝐻

𝜕𝐇
(𝐅,𝐇)

]

⋅ 𝐍 = 𝐁 ⋅ 𝐍, 𝐗 ∈ 𝜕𝛺0

(19)

for the deformation field 𝐲(𝐗) and the scalar magnetic potential 𝜓(𝐗).
On the other hand, when using the free-energy function (3) as the

constitutive input, the balance of angular momentum (17)2 can also
be automatically satisfied by enforcing material frame indifference – in
this case, 𝑊 𝐵(𝐐𝐅,𝐁) = 𝑊 𝐵(𝐅,𝐁) for all 𝐐 ∈ 𝑂𝑟𝑡ℎ+ and arbitrary 𝐅 and
𝐁 – while Gauss law (18)1 can be automatically satisfied by introducing
a vector potential 𝐀 such that 𝐁 = Curl𝐀. In this case, the governing
equations for the solid reduce to the coupled system of boundary-value
problems

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Div
[

𝜕𝑊 𝐵

𝜕𝐅
(𝐅,𝐁)

]

+ 𝐟 (𝐗) = 𝟎, 𝐗 ∈ 𝛺0

𝐲(𝐗) = 𝐲(𝐗), 𝐗 ∈ 𝜕𝛺
0

([

𝜕𝑊 𝐵

𝜕𝐅
(𝐅,𝐁)

]

− 𝐒𝑀
)

𝐍 = 𝐭(𝐗), 𝐗 ∈ 𝜕𝛺
0

and

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Curl
[

𝜕𝑊 𝐵

𝜕𝐁
(𝐅,𝐁)

]

= 𝟎, 𝐗 ∈ 𝛺0
[

𝜕𝑊 𝐵

𝜕𝐁
(𝐅,𝐁)

]

× 𝐍 = 𝐇 × 𝐍, 𝐗 ∈ 𝜕𝛺0

(20)

for the deformation field 𝐲(𝐗) and the vector magnetic potential 𝐀(𝐗).

Remark 4. In general, the boundary data 𝐁 and 𝐇 in (19)2 and (20)2
are not known a priori. This is because they are implicitly defined by
the solution of Maxwell equations (18) in R3∖𝛺0.

Remark 5. Schemes for generating numerical solutions for Eqs. (19)
with air occupying the surrounding space R𝑁∖𝛺0 have been proposed
over the past few years based on the finite-element method for 𝑁 = 2
[2] and 𝑁 = 3 [1,7,8] space dimensions and also based on a coupled
finite-element/boundary-element approach [9]; see also Vu and Stein-
mann [10,11]. To our knowledge, analogous schemes for Eqs. (20) have
not yet been reported in the literature for 𝑁 = 3 spatial dimensions;
see, e.g., Psarra et al. [12] for an implementation in 𝑁 = 2 spatial
dimensions. This may be partly due to the difficulty of dealing with the
non-uniqueness in the definition of 𝐀 and the additional computational
cost of 𝐀 being a vectorial – as opposed to a scalar – unknown.

3. The homogenization solution of Lefèvre et al. [1] for MREs
containing iron particles

By leveraging recent advances in iterative, comparison-medium,
and computational homogenization techniques [13–16], Lefèvre and
Lopez-Pamies [17,18] worked out a homogenization solution for the
free-energy function describing the elastic dielectric response of di-
electric elastomer composites with a large class of particulate mi-
crostructures. By leveraging in turn the mathematical analogy between
electroelastostatics and magnetoelastostatics, Lefèvre et al. [1] tran-
scribed that solution into a homogenization solution for the free-energy
function 𝑊 𝐻 describing the magnetoelastic response of a large class of
isotropic MREs.

For the case of MREs comprised of an isotropic incompressible
elastomer filled with a random isotropic distribution of spherical iron
particles, the solution of Lefèvre et al. [1] reads as

𝑊 𝐻 (𝐅,𝐇) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑊 𝐻 (𝐼1, 𝐼𝐻4 , 𝐼
𝐻
5 ) = (1 − 𝑐)𝛹𝚖

(

1
)

− 𝑐 𝚙

(

5
)

+
𝑐 𝜉
2
5 +

1
2
(𝜔 (𝜉) − 𝜈 (𝜉)) 𝐼𝐻4 −

𝜔 (𝜉)
2

𝐼𝐻5 if 𝐽 = 1

+∞ otherwise

.

(21)

In this expression, 𝑐 ∈ [0, 1] denotes the volume fraction of iron
particles,

1 =
𝐼1 − 3

(1 − 𝑐)7∕2
+ 3,

5 = −
54𝑐(1 − 𝑐)(𝜉 − 𝜇0)𝜇20

5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]3
𝐼𝐻4

+
9[(10 − 𝑐 + 6𝑐2)𝜇0 + (5 + 𝑐 − 6𝑐2)𝜉]𝜇20

5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]3
𝐼𝐻5 ,

𝜈 (𝜉) = 𝜇0 +
3𝑐𝜇0(𝜉 − 𝜇0)

[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]
,

𝜔 (𝜉) = 𝜇0 +
3𝑐(10 + 2𝑐 + 3𝑐2)(𝜉 − 𝜇0)𝜇20
5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]2

+
3𝑐(1 − 𝑐)(5 + 3𝑐)(𝜉 − 𝜇0)𝜇0𝜉

5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]2
,

the variable 𝜉 is defined implicitly as solution of the nonlinear algebraic
equation3

𝜉 (𝜉; 𝐼𝐻4 , 𝐼
𝐻
5 ) ∶= 2 ′

𝚙

(

5
)

− 𝜉 = 0, (22)

and 𝛹𝚖 and 𝚙 are arbitrary functions of choice (sufficiently well-
behaved as elaborated below) that characterize, respectively, the elas-
ticity and magnetization saturation of the underlying elastomeric matrix
and iron particles making up the MRE. It is plain from its definition (22)
that the variable 𝜉 depends not only on the magnetic properties and
volume fraction of iron particles, but also on the magnetomechanical
loading.

Precisely, the homogenization solution (21) corresponds to an MRE
wherein the underlying elastomeric matrix is characterized by the

3 Throughout, we make use of the standard convention 𝑔′(𝑧) = d𝑔(𝑧)∕d𝑧 to
denote the derivative of functions of a single scalar variable.
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isotropic, incompressible, and magnetically impermeable free-energy
function

𝑊 𝐻
𝚖

(𝐅,𝐇) =

⎧

⎪

⎨

⎪

⎩

𝛹𝚖(𝐼1) −
𝜇0
2
𝐼𝐻5 if 𝐽 = 1

+∞ otherwise,
(23)

while the underlying iron particles are characterized by the mechani-
cally rigid free-energy function

𝑊 𝐻
𝚙

(𝐅,𝐇) =

{

−𝚙(𝐼𝐻5 ) if 𝐅 = 𝐐 ∈ 𝑂𝑟𝑡ℎ+

+∞ otherwise.
(24)

Basic physical considerations dictate that the functions 𝛹𝚖 and 𝚙

satisfy the linearization conditions

𝛹𝚖(3) = 0, 𝛹 ′
𝚖
(3) =

𝐺𝚖

2
, 𝚙(0) = 0,  ′

𝚙
(0) =

𝜇𝚙
2
, (25)

where 𝐺𝚖 > 0 and 𝜇𝚙 ≥ 𝜇0 denote the initial shear modulus of the
elastomeric matrix and the initial permeability of the iron particles. In
addition, the magnetization saturation function is required to satisfy
the convexity conditions

 ′
𝚙
(𝐼𝐻5 ) > 0,  ′

𝚙
(𝐼𝐻5 ) + 2𝐼𝐻5  ′′

𝚙
(𝐼𝐻5 ) > 0, (26)

and the growth condition

 ′
𝚙
(𝐼𝐻5 ) =

𝜇0
2

+
𝜇0𝑚𝑠𝚙

2
√

𝐼𝐻5

+ 𝑜

⎛

⎜

⎜

⎜

⎝

1
√

𝐼𝐻5

⎞

⎟

⎟

⎟

⎠

(27)

in the limit as 𝐼𝐻5 → ∞, where 𝑚𝑠
𝚙
≥ 0 stands for the magnetization

saturation of the iron particles.
Examples for the function 𝛹𝚖 include, for instance, the Neo-Hookean

model [19]

𝛹𝚖(𝐼1) =
𝐺𝚖

2
[

𝐼1 − 3
]

, (28)

the Lopez-Pamies [20] model

𝛹𝚖(𝐼1) =
31−𝛼1
2𝛼1

𝐺1
[

𝐼𝛼11 − 3𝛼1
]

+ 31−𝛼2
2𝛼2

𝐺2
[

𝐼𝛼21 − 3𝛼2
]

, (29)

as well as the Arruda and Boyce [21] and Gent [22] models among
others. In this last expression, 𝐺1 > 0, 𝐺2 ≥ 0, 𝛼1, 𝛼2 are real-
valued material parameters, the first two of which satisfy the condition
𝐺1 + 𝐺2 = 𝐺𝚖. Examples for the function 𝚙 include, for instance, the
Langevin model

𝚙(𝐼𝐻5 ) =
𝜇0
2
𝐼𝐻5 +

𝜇0(𝑚𝑠𝚙)
2

3𝜒𝚙

{

ln
[

sinh
(3𝜒𝚙
𝑚𝑠
𝚙

√

𝐼𝐻5

)]

− ln
[3𝜒𝚙
𝑚𝑠
𝚙

√

𝐼𝐻5

]}

,

(30)

the Brillouin model

𝚙(𝐼𝐻5 ) =
𝜇0
2
𝐼𝐻5 +

𝜇0(1 + 𝛾𝚙)(𝑚𝑠𝚙)
2

3𝛾𝚙𝜒𝚙

{

ln
[

sinh
(3(1 + 2𝛾𝚙)𝜒𝚙

2(1 + 𝛾𝚙)𝑚𝑠𝚙

√

𝐼𝐻5

)]

− ln
[

(1 + 2𝛾𝚙) sinh
( 3𝜒𝚙
2(1 + 𝛾𝚙)𝑚𝑠𝚙

√

𝐼𝐻5

)]}

, (31)

as well as many others; see, e.g., Chapter 11 in the monograph by Kittel
[23]. In these last expressions, 𝜒𝚙 = 𝜇𝚙∕𝜇0 − 1 denotes the magnetic
susceptibility of the iron particles and 𝛾𝚙 is a positive parameter of
choice.

For illustration purposes, Fig. 1(a) shows uniaxial nominal stress–
stretch curves implied by the Lopez-Pamies [20] model (29) for values
of the material parameters 𝐺1 = 18.57 kPa, 𝐺2 = 31.92 kPa, and three
different sets of values of the pair (𝛼1, 𝛼2), which are descriptive of
silicone elastomers [24]. It is of note that when 𝛼1 = 𝛼2 = 1, the Lopez-
Pamies model (29) reduces to the standard Neo-Hookean model (28).
Similarly, Fig. 1(b) shows uniaxial magnetization curves implied by the
Brillouin model (31) for values of the material parameters 𝜒𝚙 = 30,

𝜇0𝑚𝑠𝚙 = 2.5 T, and three different values of 𝛾𝚙, which are descriptive
of standard iron particles [12]. It is of note that when 𝛾𝚙 = 1∕2, the
Brillouin model (31) reduces to the standard hyperbolic tangent model
and when 𝛾𝚙 = ∞ it reduces to the Langevin model (30).

The following features of the solution (21) will prove useful in the
sequel:

1. The constitutive relations (2) implied by the free-energy function
(21) are given by

𝐒 = 2
(1 − 𝑐)5∕2

𝛹 ′
𝚖
(1)𝐅 + 𝜔 (𝜉)𝐅−𝑇𝐇⊗ 𝐅−1𝐅−𝑇𝐇 − 𝑝𝐅−𝑇 ,

𝐁 = (𝜈 (𝜉) − 𝜔 (𝜉))𝐇 + 𝜔 (𝜉)𝐅−1𝐅−𝑇𝐇 (32)

with 𝑝 indicating the arbitrary hydrostatic pressure that arises
from the incompressibility constraint 𝐽 = 1.
In turn, the total Cauchy stress (7)1, Eulerian magnetic induction
(7)3, and magnetization (8) are given by

𝝈 = 2
(1 − 𝑐)5∕2

𝛹 ′
𝚖
(1)𝐅𝐅𝑇 + 𝜔 (𝜉)𝐅−𝑇𝐇⊗ 𝐅−𝑇𝐇 − 𝑝𝐈,

𝐛 = (𝜈 (𝜉) − 𝜔 (𝜉))𝐅𝐇 + 𝜔 (𝜉)𝐅−𝑇𝐇,

𝐦 =
𝜈 (𝜉) − 𝜔 (𝜉)

𝜇0
𝐅𝐇 +

𝜔 (𝜉) − 𝜇0
𝜇0

𝐅−𝑇𝐇. (33)

2. In the limit of small magnetic fields as4
|𝐇| → 0, the nonlinear

algebraic equation (22) admits the explicit asymptotic solution
𝜉 = 𝜇𝚙+𝑂(|𝐇|

2); note that in such a limit 5 = 𝑂(|𝐇|

2). It follows,
in turn, that the finite branch of the free-energy function (21)
reduces asymptotically to the fully explicit expression

𝑊 𝐻 (𝐼1, 𝐼𝐻4 , 𝐼
𝐻
5 ) = (1 − 𝑐)𝛹𝚖

(

1
)

+ 1
2
[

𝜔
(

𝜇𝚙
)

− 𝜈
(

𝜇𝚙
)]

𝐼𝐻4

−
𝜔
(

𝜇𝚙
)

2
𝐼𝐻5 + 𝑂

(

|𝐇|

3) . (34)

In the absence of deformation when 𝐅 = 𝐈, it immediately follows
from (34) that the solution (21) implies the results

𝜇 = 𝜈(𝜇𝚙) = 𝜇0+
3𝑐𝜇0(𝜇𝚙 − 𝜇0)

(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜇𝚙
and 𝜒 =

𝜇
𝜇0

−1 (35)

for the initial permeability 𝜇 and susceptibility 𝜒 of the MRE in
terms of the initial permeability 𝜇𝚙 and the volume fraction 𝑐 of
the underlying iron particles.
In the absence of magnetic fields when 𝐇 = 𝟎, the result (34)
reduces to

𝑊 𝐻 (𝐼1, 0, 0) = (1 − 𝑐)𝛹𝚖

(

1
)

, (36)

which is precisely the homogenization solution derived by
Lopez-Pamies et al. [14]; Leonard et al. [25] have just provided
experimental evidence of the high accuracy of the result of
(36) for elastomers filled with spherical particles that are of
micrometer size or larger, which is typically the case for iron
particles. In the limit of small deformations as 𝐅 → 𝐈, the
free-energy function (36) reduces further to

𝑊 𝐻 (𝐼1, 0, 0) =
𝐺𝚖

(1 − 𝑐)5∕2
tr 𝜺2 + 𝑂

(

‖𝜺‖3
)

, (37)

where 𝜺 = (𝐅+𝐅𝑇−2𝐈)∕2 stands for the infinitesimal strain tensor.
It immediately follows from (37) that the solution (21) implies
the result

𝐺 =
𝐺𝚖

(1 − 𝑐)5∕2
(38)

for the initial shear modulus 𝐺 of the MRE in terms of the initial
shear modulus 𝐺𝚖 of the underlying elastomeric matrix and the
volume fraction 𝑐 of iron particles.

4 Here and subsequently, the notation | ⋅ | is used to denote the Euclidean
norm ‖ ⋅ ‖2.
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Fig. 1. (a) Uniaxial nominal stress–stretch curves for silicone elastomers characterized by (29) with 𝐺1 = 18.57 kPa, 𝐺2 = 31.92 kPa, and three different sets of values of the
material parameters 𝛼1 and 𝛼2. (b) Uniaxial magnetization curves for iron particles characterized by (30) with 𝜒𝚙 = 30, 𝜇0𝑚𝑠𝚙 = 2.5 T, and three different values of the material
parameter 𝛾𝚙.

3. In the limit of large magnetic fields as |𝐇| → ∞, the nonlinear
algebraic equation (22) admits the explicit asymptotic solution
𝜉 = 𝜇0 + 𝜇0𝑚𝑠𝚙∕

√

𝐼𝐻5 + 𝑜(|𝐇|

−1), from which it follows that

5 = 𝐼𝐻5 +𝑂(|𝐇|), 𝜈(𝜉) = 𝜔(𝜉) = 𝜇0 + 𝑐 𝑚𝑠𝚙𝜇0∕
√

𝐼𝐻5 + 𝑜(|𝐇|

−1), and
hence that the free-energy function (21) reduces asymptotically
to the fully explicit expression

𝑊 𝐻 (𝐼1, 𝐼𝐻4 , 𝐼
𝐻
5 ) = (1 − 𝑐)𝛹𝚖

(

1
)

+ 𝑐(1 − 𝑐)𝜇0(𝑚𝑠𝚙)
2

×

[

1
6
+ 𝑐

10

(

𝐼𝐻4
𝐼𝐻5

− 1

)]

− 𝑐 𝜇0𝑚𝑠𝚙
√

𝐼𝐻5 −
𝜇0
2
𝐼𝐻5 + 𝑂

(

|𝐇|

−1) .

(39)

In turn, it follows that the magnetization (33) reduces asymptot-
ically to leading order to

𝐦 = 𝑚𝑠 𝐅−𝑇𝐇
|𝐅−𝑇𝐇|

= 𝑚𝑠 𝐡
|𝐡|

with 𝑚𝑠 = 𝑐 𝑚𝑠
𝚙
, (40)

which readily identifies 𝑚𝑠 as the magnetization saturation of
the MRE. That is, the magnetization saturation of the MRE is
nothing more than the arithmetic mean of the magnetization
saturation of the elastomer 𝑚𝑠

𝚖
= 0 and of the iron particles 𝑚𝑠

𝚙
:

𝑚𝑠 = (1 − 𝑐)𝑚𝑠
𝚖
+ 𝑐 𝑚𝑠

𝚙
= 𝑐 𝑚𝑠

𝚙
.

4. For arbitrary magnetic fields 𝐇 that are neither small nor large
in magnitude, the nonlinear algebraic equation (22) defining the
variable 𝜉 needs to be solved numerically. Eq. (22) happens to
be a fixed-point equation of the form

𝑔(𝜉) = 𝜉 with 𝑔(𝜉) ∶= 2 ′
𝚙
(5). (41)

Provided that (41) satisfies the Banach–Caccioppoli fixed-point
theorem, it then follows that its solution can be simply written
as the limit of a fully explicit fixed-point iteration. Precisely,

𝜉 = lim
𝑟→∞

𝜉𝑟+1 where 𝜉𝑟+1 = 𝑔(𝜉𝑟) with initial term 𝜉0 = 𝜇0.

(42)

By way of an example, when the magnetization saturation func-
tion 𝚙 is given by the Langevin model (30), numerical tests
indicate that just 20 iterations in the iteration scheme (42)
are sufficient to generate accurate solutions for 𝜉, this for any
volume of fraction of the iron particles 𝑐, any values of their per-
meability 𝜇𝚙 and magnetization saturation 𝑚𝑠

𝚙
, and any values of

the invariants 𝐼𝐻4 and 𝐼𝐻5 . Alternatively, it is also a simple matter
to solve Eq. (22) by means of a conventional Newton–Raphson
scheme.

4. A family of explicit free-energy functions 𝑾 𝑯 (𝐅,𝐇) for MREs
containing iron particles

Having recalled the homogenization solution (21) of Lefèvre et al.
[1] for MREs containing iron particles and having spelled out its
relevant features for the purposes of this paper, we now proceed with
the construction of a family of fully explicit free-energy functions 𝑊 𝐻

as approximations of (21). The construction adheres to the following
three-fold guiding principle:

• the proposed explicit free energies are given by the formula (21)
where the variable 𝜉 defined implicitly by Eq. (22) is replaced
by an explicit approximate expression such that the resulting
free-energy functions

• agree identically with the homogenization solution (34) in the
limit of small magnetic fields as |𝐇| → 0, this for arbitrary finite
deformation gradients 𝐅,

• and with the homogenization solution (39) in the limit of large
magnetic fields as |𝐇| → ∞, this for arbitrary finite deformation
gradients 𝐅.

The above two asymptotic requirements in the limits of small and large
magnetic fields are readily satisfied by any choice of 𝜉 such that

𝜉 = 𝜇𝚙 + 𝑂
(

|𝐇|

𝑝) 𝑝 > 0 in the limit as |𝐇| → 0

and

𝜉 = 𝜇0 +
𝜇0 𝑚𝑠𝚙
√

𝐼𝐻5

+ 𝑂
(

|𝐇|

−𝑞) 𝑞 > 1 in the limit as |𝐇| → ∞.

A relatively simple choice of 𝜉 that is consistent with these asymptotic
requirements and that in addition, as elaborated in Section 7 below,
leads to explicit free-energy functions 𝑊 𝐻 in close agreement with (21)
for arbitrary deformation gradients 𝐅 and magnetic fields 𝐇 is given by

𝜉 = 𝜇𝚙 −
𝑎0𝐼𝐻5 + 𝑎1(𝐼𝐻5 )3∕2 + 𝑎2(𝐼𝐻5 )2

𝑎3 + 𝑎4(𝐼𝐻5 )1∕2 + 𝑎5𝐼𝐻5 + 𝑎6(𝐼𝐻5 )3∕2 + 𝑎7(𝐼𝐻5 )2
, (43)

where

𝑎0 =
27(𝜇𝚙 − 𝜇0)3𝑎3

5(𝑚𝑠
𝚙
)2[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜇𝚙]2

,

𝑎1 =
27(𝜇𝚙 − 𝜇0)3𝑎4

5(𝑚𝑠
𝚙
)2[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜇𝚙]2

, 𝑎2 = (𝜇𝚙 − 𝜇0)𝑎7,

𝑎3 =5(𝑚𝑠𝚙)
4𝜇0[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜇𝚙]2

[(

5𝑐5 + 20𝑐4 + 39𝑐3
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+ 49𝑐2 + 40𝑐 + 9
)

𝜇50+

(1 − 𝑐)
(

25𝑐4 + 80𝑐3 + 117𝑐2 + 98𝑐 + 40
)

𝜇40𝜇𝚙
+ (1 − 𝑐)2

(

50𝑐3 + 120𝑐2 + 117𝑐 + 49
)

𝜇30𝜇
2
𝚙
+

(1 − 𝑐)3
(

50𝑐2 + 80𝑐 + 39
)

𝜇20𝜇
3
𝚙

+ 5(1 − 𝑐)4(5𝑐 + 4)𝜇0𝜇4𝚙 + 5(1 − 𝑐)5𝜇5
𝚙

]

,

𝑎4 =15(𝑚𝑠𝚙)
3𝜇0(𝜇𝚙 − 𝜇0)[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜇𝚙]2

[(

5𝑐4 + 25𝑐3

+ 27𝑐2 + 40𝑐 + 11
)

𝜇40+

(1 − 𝑐)
(

20𝑐3 + 75𝑐2 + 54𝑐 + 40
)

𝜇30𝜇𝚙
+ 3(1 − 𝑐)2

(

10𝑐2 + 25𝑐 + 9
)

𝜇20𝜇
2
𝚙

+ 5(1 − 𝑐)3(4𝑐 + 5)𝜇0𝜇3𝚙 + 5(1 − 𝑐)4𝜇4
𝚙

]

,

𝑎5 =9(𝑚𝑠𝚙)
2𝜇0(𝜇𝚙 − 𝜇0)2

[(

40𝑐5 + 240𝑐4 + 602𝑐3 + 701𝑐2

+ 681𝑐 + 166)𝜇50+

(1 − 𝑐)
(

200𝑐4 + 960𝑐3 + 1806𝑐2 + 1402𝑐 + 681
)

𝜇40𝜇𝚙
+ (1 − 𝑐)2

(

400𝑐3 + 1440𝑐2 + 1806𝑐 + 701
)

𝜇30𝜇
2
𝚙
+

2(1 − 𝑐)3
(

200𝑐2 + 480𝑐 + 301
)

𝜇20𝜇
3
𝚙

+ 40(1 − 𝑐)4(5𝑐 + 6)𝜇0𝜇4𝚙 + 40(1 − 𝑐)5𝜇5
𝚙

]

,

𝑎6 =27𝑚𝑠𝚙𝜇0(𝜇𝚙 − 𝜇0)
3 [(40𝑐4 + 185𝑐3 + 231𝑐2 + 281𝑐 + 73

)

𝜇40
+ (1 − 𝑐)

(

160𝑐3 + 555𝑐2 + 462𝑐 + 281
)

𝜇30𝜇𝚙+

3(1 − 𝑐)2
(

80𝑐2 + 185𝑐 + 77
)

𝜇20𝜇
2
𝚙

+5(1 − 𝑐)3(32𝑐 + 37)𝜇0𝜇3𝚙 + 40(1 − 𝑐)4𝜇4
𝚙

]

,

𝑎7 =27(𝜇𝚙 − 𝜇0)4
[(

5𝑐2 + 5𝑐 + 8
) (

5𝑐2 + 17𝑐 + 5
)

𝜇40
+ (1 − 𝑐)(10𝑐 + 23)

(

10𝑐2 + 10𝑐 + 7
)

𝜇30𝜇𝚙+

30(1 − 𝑐)2
(

5𝑐2 + 11𝑐 + 5
)

𝜇20𝜇
2
𝚙

+ 10(1 − 𝑐)3(10𝑐 + 11)𝜇0𝜇3𝚙 + 25(1 − 𝑐)4𝜇4
𝚙

]

. (44)

Guided by the full numerical solution of (22) for 𝜉, the approximate
expression (43) was constructed by interpolating with a rational func-
tion the asymptotically exact solution for 𝜉 when 𝐼𝐻4 = 𝐼𝐻5 up to
orders 𝑂

(

(𝐼𝐻5 )2
)

and 𝑂
(

(𝐼𝐻5 )−5∕2
)

for the basic choice of the Langevin
function (30) for the function 𝚙.

Making use of the variable (43) – instead of that defined implicitly
by Eq. (22) – in (21) leads to the proposed family of fully explicit
free-energy functions:

𝑊 𝐻 (𝐅,𝐇) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑊 𝐻 (𝐼1, 𝐼𝐻4 , 𝐼
𝐻
5 ) = 𝑊𝑚𝑒𝑐ℎ(𝐼1) +𝑊 𝐻

𝑚𝑎𝑔(𝐼
𝐻
5 )

+𝑊 𝐻
𝑐𝑜𝑢𝑝𝑙𝑒(𝐼

𝐻
4 , 𝐼

𝐻
5 ) −

𝜇0
2
𝐼𝐻5 if 𝐽 = 1

+∞ otherwise

(45)

with

𝑊𝑚𝑒𝑐ℎ(𝐼1) = (1 − 𝑐)𝛹𝚖

(

𝐼1 − 3
(1 − 𝑐)7∕2

+ 3
)

,

𝑊 𝐻
𝑚𝑎𝑔(𝐼

𝐻
5 ) = −1

2

(

3𝑐(10 + 2𝑐 + 3𝑐2)(𝜉 − 𝜇0)𝜇20
5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]2

+
3𝑐(1 − 𝑐)(5 + 3𝑐)(𝜉 − 𝜇0)𝜇0𝜉

5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]2

)

𝐼𝐻5 ,

𝑊 𝐻
𝑐𝑜𝑢𝑝𝑙𝑒(𝐼

𝐻
4 , 𝐼

𝐻
5 ) = −𝑐 𝚙

(

5
)

+
𝑐 𝜉
2
5 +

1
2
(𝜔 (𝜉) − 𝜈 (𝜉)) 𝐼𝐻4 ,

where we recall that

5 = −
54𝑐(1 − 𝑐)(𝜉 − 𝜇0)𝜇20

5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]3
𝐼𝐻4

+
9[(10 − 𝑐 + 6𝑐2)𝜇0 + (5 + 𝑐 − 6𝑐2)𝜉]𝜇20

5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]3
𝐼𝐻5 ,

𝜈 (𝜉) = 𝜇0 +
3𝑐𝜇0(𝜉 − 𝜇0)

[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]
,

𝜔 (𝜉) = 𝜇0 +
3𝑐(10 + 2𝑐 + 3𝑐2)(𝜉 − 𝜇0)𝜇20
5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]2

+
3𝑐(1 − 𝑐)(5 + 3𝑐)(𝜉 − 𝜇0)𝜇0𝜉

5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]2
.

Remark 6. The two material functions and three material parameters in
(45) and their calibration. The free-energy function (45) contains two
material functions, 𝛹𝚖(𝐼1) and 𝚙(𝐼𝐻5 ) subject to the conditions (25)–
(27), and three material parameters, 𝜇𝚙 ≥ 𝜇0, 𝑚𝑠𝚙 ≥ 0, and 𝑐 ∈ [0, 1].
Physically, again, the function 𝛹𝚖(𝐼1) describes the elastic response of
the elastomeric matrix in the MRE. The function 𝚙(𝐼𝐻5 ) describes the
magnetization of the iron particles in the MRE, with 𝜇𝚙 and 𝑚𝑠

𝚙
de-

scribing their initial permeability and magnetization saturation, while
𝑐 corresponds to their volume fraction.

For cases when all these five inputs are known from the fabrication
process of the MRE of interest, no calibration of (45) is needed. On
the other hand, for cases when none (or only some) of these inputs
are known, one would have to make use of specific functional forms
for 𝛹𝚖(𝐼1) and 𝚙(𝐼𝐻5 ), and then fit their material parameters together
with 𝜇𝚙, 𝑚𝑠𝚙, and 𝑐 to experimental data on the MRE.

By way of an example, consider a case when no information about
the fabrication process of an MRE of interest is available, save that it is
made of an elastomer isotropically filled with equiaxed iron particles.
Choosing the Lopez-Pamies (29) and Brillouin (31) models for the
material functions 𝛹𝚖(𝐼1) and 𝚙(𝐼𝐻5 ) would result in a free-energy
function (45) with eight material parameters: 𝐺1, 𝐺2, 𝛼1, 𝛼2, 𝜇𝚙, 𝑚𝑠𝚙,
𝛾𝚙, and 𝑐. The first four of these, together with the volume fraction of
the iron particles, control the mechanical response of the MRE at small,
intermediate, and large deformations. Accordingly, they could be easily
calibrated by fitting a uniaxial tension test in the absence of magnetic
fields; see, e.g., Section 5 in Meddeb et al. [26]. The remaining three
parameters, also together with the volume fraction of the iron particles,
control the magnetic response of the MRE at small, intermediate, and
large magnetic fields. Accordingly, they could be easily calibrated by
fitting a uniaxial magnetization test; see, e.g., Chapter 2 in Diguet [27]
and Section 2.2 in Danas et al. [28].

Remark 7. The limits when 𝑐 = 0 and 𝑐 = 1. In the absence of iron
particles when 𝑐 = 0, the free-energy function (45) reduces to that of
the elastomer, namely,

𝑊 𝐻 (𝐅,𝐇) =

⎧

⎪

⎨

⎪

⎩

𝛹𝚖(𝐼1) −
𝜇0
2
𝐼𝐻5 if 𝐽 = 1

+∞ otherwise
.

Similarly, when 𝑐 = 1 the free-energy function (45) reduces to that of
the iron particles:

𝑊 𝐻 (𝐅,𝐇) =

{

−𝚙(𝐼𝐻5 ) if 𝐅 = 𝐐 ∈ 𝑂𝑟𝑡ℎ+

+∞ otherwise
.

Remark 8. The constitutive relations (2). The constitutive relations (2)
implied by the free-energy function (45) are given by

𝐒 = 2
(1 − 𝑐)5∕2

𝛹 ′
𝚖

(

𝐼1 − 3
(1 − 𝑐)7∕2

+ 3
)

𝐅

+

[

𝜔 (𝜉) + 𝑐
(

2 ′
𝚙

(

5
)

− 𝜉
) 𝜕5
𝜕𝐼𝐻5

]

𝐅−𝑇𝐇⊗ 𝐅−1𝐅−𝑇𝐇 − 𝑝𝐅−𝑇 ,

𝐁 =

[

𝜈 (𝜉) − 𝜔 (𝜉) + 𝑐
(

2 ′
𝚙

(

5
)

− 𝜉
) 𝜕5
𝜕𝐼𝐻4

]

𝐇

+

[

𝜔 (𝜉) + 𝑐
(

2 ′
𝚙

(

5
)

− 𝜉
) 𝜕5
𝜕𝐼𝐻5

]

𝐅−1𝐅−𝑇𝐇, (46)

where the derivatives 𝜕5∕𝜕𝐼𝐻4 and 𝜕5∕𝜕𝐼𝐻5 are spelled out in Ap-
pendix A.1 and where 𝑝 stands for an arbitrary hydrostatic pressure.
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Remark 9. The corresponding (𝐅,𝐁) version. For typical choices of
magnetization saturation function 𝚙(𝐼𝐻5 ), such as (30) or (31) with
a finite value of magnetization saturation 𝑚𝑠

𝚙
, the free-energy function

(45) does not admit an explicit partial inversion of 𝐇 in favor of 𝐁. It
is thus not possible in general to generate a corresponding free energy
𝑊 𝐵 that is fully explicit. One notable exception is the case when the
magnetic behavior of the iron particles is idealized as linear (i.e., when
𝑚𝑠
𝚙
= ∞). For such a case, the partial Legendre transform (5) of the

free-energy function (45) can be shown to be given by the fully explicit
expression

𝑊 𝐵(𝐅,𝐁) = (1 − 𝑐)𝛹𝚖

(

𝐼1 − 3
(1 − 𝑐)7∕2

+ 3
)

+ 1
2𝜔(𝜇𝚙)

[

𝐼𝐵5 + 𝜂2𝐼𝐵4 + 𝜂
(

𝐼1𝐼𝐵5 − 𝐼𝐵6
)

1 + 𝜂3 + 𝜂2𝐼2 + 𝜂𝐼1

]

,

where 𝜂 = (𝜈(𝜇𝚙)−𝜔(𝜇𝚙))∕𝜔(𝜇𝚙) and where we recall that the invariants
𝐼2 and 𝐼𝐵4 , 𝐼𝐵5 , 𝐼𝐵6 are given by (10)2 and (12) in terms of the deforma-
tion gradient 𝐅 and the Lagrangian magnetic induction 𝐁. Making use
of this last result, it is possible to generate fully explicit free-energy
functions 𝑊 𝐵 for arbitrary choices of the magnetization saturation
function 𝚙(𝐼𝐻5 ) by approximating the homogenization solution (21)
directly in the (𝐅,𝐁) domain. An example of such an approximation
is given in Section of 4.2.2 of Mukherjee et al. [29].

5. The homogenization solution of Lefèvre et al. [1] for MREs
containing ferrofluid particles

For the case of MREs comprised of an isotropic incompressible elas-
tomer filled with a random isotropic distribution of spherical ferrofluid
particles, the solution of Lefèvre et al. [1] reads as

𝑊 𝐻 (𝐅,𝐇) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑊 𝐻 (𝐼1, 𝐼𝐻4 , 𝐼
𝐻
5 ) = (1 − 𝑐)𝛹𝚖

(

1
)

− 𝑐 𝚙

(

5
)

+
𝑐 𝜁
2
5 +

1
2
(𝑤 (𝜁 ) − 𝑣 (𝜁 )) 𝐼𝐻4 −

𝑤 (𝜁 )
2

𝐼𝐻5 if 𝐽 = 1

+∞ otherwise

,

(47)

where 𝑐 ∈ [0, 1] denotes the volume fraction of ferrofluid particles,

1 = (1 − 𝑐)2∕3
(

𝐼1 − 3
)

+ 3,

5 =
3(1500 − 1900𝑐 + 729𝑐36∕25)(𝜁 − 𝜇0)𝜇20

250[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁 ]3
𝐼 𝐻4

−
3[(750 − 1150𝑐 + 729𝑐36∕25)(𝜁 − 𝜇0) − 2250𝜇0]𝜇20

250[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁 ]3
𝐼 𝐻5 ,

𝑣 (𝜁 ) = 𝜇0 +
3𝑐𝜇0(𝜁 − 𝜇0)

(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁
,

𝑤 (𝜁 ) = 𝜇0 +
9𝑐2(𝜁 − 𝜇0)2𝜇0

[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁 ]2

[

4
45

− 81𝑐11∕25
500

+
𝜇0

𝑐(𝜁 − 𝜇0)

]

,

the variable 𝜁 is defined implicitly as solution of the nonlinear algebraic
equation

𝜁 (𝜁 ; 𝐼𝐻4 , 𝐼
𝐻
5 ) ∶= 2 ′

𝚙

(

5
)

− 𝜁 = 0, (48)

and where, as in the preceding sections, 𝛹𝚖 and 𝚙 are arbitrary
functions of choice, subject to the conditions (25)–(27), that physically
characterize the elasticity and magnetization saturation of the underly-
ing elastomeric matrix and ferrofluid particles making up the MRE. It
is plain from its definition (48) that the variable 𝜁 depends not only on
the magnetic properties and volume fraction of ferrofluid particles, but
also on the magnetomechanical loading.

Precisely, the homogenization solution (47) corresponds to an MRE
wherein the underlying elastomeric matrix, much like that for the
solution (21), is characterized by the isotropic, incompressible, and

magnetically impermeable free-energy function (23), while the under-
lying ferrofluid particles are characterized by the free-energy function

𝑊 𝐻
𝚙

(𝐅,𝐇) =

{

−𝚙(𝐼𝐻5 ) if 𝐽 = 1
+∞ otherwise.

(49)

Note that this free-energy function describes the mechanical behav-
ior of the ferrofluid particles as an incompressible elastic fluid; see,
e.g., Section 4.2.4 in the monograph by Ogden [30]. That is, no energy
is needed to change their shape but an infinite energy would be re-
quired to change their volume. The function 𝚙(𝐼𝐻5 ) in (49), much like
in the free-energy function (24) characterizing iron particles, allows to
describe a truly wide range of magnetic behaviors for the ferrofluid
particles.

For use in the next section, we record now a number of features of
the solution (47):

1. The constitutive relations (2) implied by the free-energy function
(47) are given by

𝐒 = 2(1 − 𝑐)5∕3𝛹 ′
𝚖
(1)𝐅 +𝑤 (𝜁 )𝐅−𝑇𝐇⊗ 𝐅−1𝐅−𝑇𝐇 − 𝑝𝐅−𝑇 ,

𝐁 = (𝑣 (𝜁 ) −𝑤 (𝜁 ))𝐇 +𝑤 (𝜁 )𝐅−1𝐅−𝑇𝐇, (50)

where 𝑝 again stands for an arbitrary hydrostatic pressure.
It follows that the total Cauchy stress (7)1, Eulerian magnetic
induction (7)3, and magnetization (8) are given in turn by

𝝈 = 2(1 − 𝑐)5∕3𝛹 ′
𝚖
(1)𝐅𝐅𝑇 +𝑤 (𝜁 )𝐅−𝑇𝐇⊗ 𝐅−𝑇𝐇 − 𝑝𝐈,

𝐛 = (𝑣 (𝜁 ) −𝑤 (𝜁 ))𝐅𝐇 +𝑤 (𝜁 )𝐅−𝑇𝐇,

𝐦 =
𝑣 (𝜁 ) −𝑤 (𝜁 )

𝜇0
𝐅𝐇 +

𝑤 (𝜁 ) − 𝜇0
𝜇0

𝐅−𝑇𝐇. (51)

2. In the limit of small magnetic fields as |𝐇| → 0, the nonlinear
algebraic equation (48) admits the explicit asymptotic solution
𝜁 = 𝜇𝚙 + 𝑂(|𝐇|

2); note that in such a limit 5 = 𝑂(|𝐇|

2). With
this, one can easily deduce that the finite branch of the free-
energy function (47) reduces asymptotically to the fully explicit
expression

𝑊 𝐻 (𝐼1, 𝐼𝐻4 , 𝐼
𝐻
5 ) = (1 − 𝑐)𝛹𝚖

(

1
)

+ 1
2
[

𝑤
(

𝜇𝚙
)

− 𝑣
(

𝜇𝚙
)]

𝐼𝐻4

−
𝑤
(

𝜇𝚙
)

2
𝐼𝐻5 + 𝑂

(

|𝐇|

3) (52)

as |𝐇| → 0.
In the absence of deformation when 𝐅 = 𝐈, it follows from (52)
that the solution (47) implies the results

𝜇 = 𝑣(𝜇𝚙) = 𝜇0+
3𝑐𝜇0(𝜇𝚙 − 𝜇0)

(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜇𝚙
and 𝜒 =

𝜇
𝜇0

−1 (53)

for the initial permeability 𝜇 and susceptibility 𝜒 of the MRE
in terms of the initial permeability 𝜇𝚙 and the volume frac-
tion 𝑐 of the underlying ferrofluid particles. Note that (53)
agree identically with the results (35) for MREs containing iron
particles.
In the absence of magnetic fields when 𝐇 = 𝟎, the result (52)
reduces to

𝑊 𝐻 (𝐼1, 0, 0) = (1 − 𝑐)𝛹𝚖

(

1
)

, (54)

a homogenization solution originally derived in Lefèvre and
Lopez-Pamies [17]. In the limit of small deformations as 𝐅 → 𝐈,
the free-energy function (54) reduces further to

𝑊 𝐻 (𝐼1, 0, 0) = (1 − 𝑐)5∕3𝐺𝚖 𝜺2 + 𝑂
(

‖𝜺‖3
)

, (55)

where we recall that 𝜺 = (𝐅 + 𝐅𝑇 − 2𝐈)∕2 is the infinitesimal
strain tensor. This last result makes it plain that the solution (47)
implies the result

𝐺 = (1 − 𝑐)5∕3𝐺𝚖 (56)
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for the initial shear modulus 𝐺 of the MRE in terms of the initial
shear modulus 𝐺𝚖 of the underlying elastomeric matrix and the
volume fraction 𝑐 of ferrofluid particles.

3. In the limit of large magnetic fields as |𝐇| → ∞, the nonlinear
algebraic equation (48) admits as well an explicit asymptotic
solution. That solution reads as 𝜁 = 𝜇0 + 𝜇0𝑚𝑠𝚙∕

√

𝐼𝐻5 + 𝑜(|𝐇|

−1).
With this, one can easily deduce that 5 = 𝐼𝐻5 + 𝑂(|𝐇|), 𝑣(𝜁 ) =
𝑤(𝜁 ) = 𝜇0 + 𝑐 𝑚𝑠

𝚙
𝜇0∕

√

𝐼𝐻5 + 𝑜(|𝐇|

−1), and in turn that the free-
energy function (47) reduces asymptotically to the fully explicit
expression

𝑊 𝐻 (𝐼1, 𝐼𝐻4 , 𝐼
𝐻
5 ) = (1 − 𝑐)𝛹𝚖

(

1
)

+ 𝑐𝜇0(𝑚𝑠𝚙)
2

×

[

1 − 𝑐
6

−
(

1
6
− 19𝑐

90
+ 81𝑐36∕25

1000

)

(

𝐼𝐻4
𝐼𝐻5

− 1

)]

− 𝑐 𝜇0𝑚𝑠𝚙
√

𝐼𝐻5 −
𝜇0
2
𝐼𝐻5 + 𝑂

(

|𝐇|

−1) (57)

as |𝐇| → ∞. The corresponding magnetization (51) is then
simply given by

𝐦 = 𝑚𝑠 𝐅−𝑇𝐇
|𝐅−𝑇𝐇|

= 𝑚𝑠 𝐡
|𝐡|

with 𝑚𝑠 = 𝑐 𝑚𝑠
𝚙

(58)

to leading order. As it was the case for MREs containing iron
particles, the result (58) indicates that the magnetization satu-
ration 𝑚𝑠 of MREs containing ferrofluid particles is nothing more
than the arithmetic mean of the magnetization saturation of the
elastomer 𝑚𝑠

𝚖
= 0 and of the ferrofluid particles 𝑚𝑠

𝚙
.

4. For arbitrary magnetic fields 𝐇 that are neither small nor large
in magnitude, the nonlinear algebraic equation (48) defining
the variable 𝜁 needs to be solved numerically. Much like its
counterpart (22) for the case of MREs containing iron particles,
Eq. (48) is a fixed-point equation and hence amenable to the use
of a fully explicit fixed-point iteration method of solution of the
type (42). Alternatively, it is also a simple matter to solve Eq.
(48) by means of a conventional Newton–Raphson scheme.

6. A family of explicit free-energy functions 𝑾 𝑯 (𝐅,𝐇) for MREs
containing ferrofluid particles

In order to construct a family of fully explicit free-energy functions
𝑊 𝐻 that approximate the homogenization solution (47) for MREs
containing ferrofluid particles, we follow the same three-fold guiding
principle adopted for MREs containing iron particles:

• the proposed explicit free energies are given by the formula (47)
where the variable 𝜁 defined implicitly by Eq. (48) is replaced
by an explicit approximate expression such that the resulting
free-energy functions

• agree identically with the homogenization solution (52) in the
limit of small magnetic fields as |𝐇| → 0, this for arbitrary finite
deformation gradients 𝐅,

• and with the homogenization solution (57) in the limit of large
magnetic fields as |𝐇| → ∞, this for arbitrary finite deformation
gradients 𝐅.

Now, any choice of 𝜁 that satisfies the asymptotic behaviors

𝜁 = 𝜇𝚙 + 𝑂
(

|𝐇|

𝑝) 𝑝 > 0 in the limit as |𝐇| → 0

and

𝜁 = 𝜇0 +
𝜇0 𝑚𝑠𝚙
√

𝐼𝐻5

+ 𝑂
(

|𝐇|

−𝑞) 𝑞 > 1 in the limit as |𝐇| → ∞

suffices to satisfy the two above asymptotic requirements for small and
large magnetic fields 𝐇. Here, because of its relative simplicity and
accuracy, see Section 7 below, we propose the same formula as for

MREs containing iron particles. In the present context, we write

𝜁 = 𝜇𝚙 −
𝑎0𝐼𝐻5 + 𝑎1(𝐼𝐻5 )3∕2 + 𝑎2(𝐼𝐻5 )2

𝑎3 + 𝑎4(𝐼𝐻5 )1∕2 + 𝑎5𝐼𝐻5 + 𝑎6(𝐼𝐻5 )3∕2 + 𝑎7(𝐼𝐻5 )2
, (59)

where the coefficients 𝑎0,… , 𝑎7 are given by (44).
Making use of the variable (59) – instead of that defined implicitly

by Eq. (48) – in (47) leads to the proposed family of fully explicit
free-energy functions:

𝑊 𝐻 (𝐅,𝐇) =

⎧

⎪

⎨

⎪

⎩

𝑊 𝐻 (𝐼1, 𝐼𝐻4 , 𝐼
𝐻
5 ) = 𝑊𝑚𝑒𝑐ℎ(𝐼1) +𝑊 𝐻

𝑚𝑎𝑔(𝐼
𝐻
5 )

+𝑊 𝐻
𝑐𝑜𝑢𝑝𝑙𝑒(𝐼

𝐻
4 , 𝐼

𝐻
5 ) −

𝜇0
2
𝐼𝐻5 if 𝐽 = 1

+∞ otherwise

(60)

with

𝑊𝑚𝑒𝑐ℎ(𝐼1) = (1 − 𝑐)𝛹𝚖

(

(1 − 𝑐)2∕3
(

𝐼1 − 3
)

+ 3
)

,

𝑊 𝐻
𝑚𝑎𝑔(𝐼

𝐻
5 ) = −

9𝑐2(𝜁 − 𝜇0)2𝜇0
2[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁 ]2

×
[

4
45

− 81𝑐11∕25
500

+
𝜇0

𝑐(𝜁 − 𝜇0)

]

𝐼𝐻5 ,

𝑊 𝐻
𝑐𝑜𝑢𝑝𝑙𝑒(𝐼

𝐻
4 , 𝐼

𝐻
5 ) = −𝑐 𝚙

(

5
)

+
𝑐 𝜁
2
5 +

1
2
(𝑤 (𝜁 ) − 𝑣 (𝜁 )) 𝐼𝐻4 ,

where we recall that

5 =
3(1500 − 1900𝑐 + 729𝑐36∕25)(𝜁 − 𝜇0)𝜇20

250[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁 ]3
𝐼 𝐻4

−
3[(750 − 1150𝑐 + 729𝑐36∕25)(𝜁 − 𝜇0) − 2250𝜇0]𝜇20

250[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁 ]3
𝐼 𝐻5 ,

𝑣 (𝜁 ) = 𝜇0 +
3𝑐𝜇0(𝜁 − 𝜇0)

(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁
,

𝑤 (𝜁 ) = 𝜇0 +
9𝑐2(𝜁 − 𝜇0)2𝜇0

[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁 ]2

[

4
45

− 81𝑐11∕25
500

+
𝜇0

𝑐(𝜁 − 𝜇0)

]

.

Remark 10. The two material functions and three material parameters in
(60) and their calibration. The free-energy function (60) comprises two
material functions, 𝛹𝚖(𝐼1) and 𝚙(𝐼𝐻5 ), and three material parameters,
𝜇𝚙 ≥ 𝜇0, 𝑚𝑠𝚙 ≥ 0, and 𝑐 ∈ [0, 1]; recall that the material functions 𝛹𝚖(𝐼1)
and 𝚙(𝐼𝐻5 ) are subject to the linearization, convexity, and growth
conditions (25)–(27). Physically, similarly to the model (45) for MREs
containing iron particles, the functions 𝛹𝚖(𝐼1) and 𝚙(𝐼𝐻5 ) describe
the elastic and magnetization responses of the elastomeric matrix and
ferrofluid particles making up the MRE, with 𝜇𝚙, 𝑚𝑠𝚙, and 𝑐 describing
the initial permeability, magnetization saturation, and volume fraction
of the ferrofluid particles.

As it was the case for the model (45), no calibration is needed of
(60) when all five inputs 𝛹𝚖(𝐼1), 𝚙(𝐼𝐻5 ), 𝜇𝚙, 𝑚𝑠𝚙, 𝑐 happen to be known
from the fabrication process of the given MRE of interest. When only
some or even none of them are known, those can be readily calibrated
from uniaxial tension and magnetization tests on the MRE in precisely
the same manner outlined in Remark 6.

Remark 11. The limits when 𝑐 = 0 and 𝑐 = 1. In the absence of
ferrofluid particles when 𝑐 = 0, the free-energy function (60) reduces
to that of the elastomer (23). In the opposite limiting case when 𝑐 = 1,
the free-energy function (60) reduces to that of the ferrofluid particles
(49).

Remark 12. The constitutive relations (2). The constitutive relations (2)
implied by the free-energy function (60) are given by

𝐒 = 2(1 − 𝑐)5∕3𝛹 ′
𝚖

(

(1 − 𝑐)2∕3
(

𝐼1 − 3
)

+ 3
)

𝐅

+

[

𝑤 (𝜁 ) + 𝑐
(

2 ′
𝚙

(

5
)

− 𝜁
) 𝜕5

𝜕𝐼𝐻5

]

𝐅−𝑇𝐇⊗ 𝐅−1𝐅−𝑇𝐇 − 𝑝𝐅−𝑇 ,

8
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Table 1
Material parameters in the stored-energy function (29) and in the magnetization
saturation function (30) used to describe the underlying (silicone) elastomer and the
iron and ferrofluid particles making up the MREs under investigation.

Material 𝛼1 𝛼2 𝐺1 (kPa) 𝐺2 (kPa) 𝜇𝚙 𝜇0𝑚𝑠𝚙 (T)

Silicone −1.02103 1.39107 18.57 31.92

Iron 31𝜇0 2.5
Ferrofluid 5𝜇0 0.825

𝐁 =

[

𝑣 (𝜁 ) −𝑤 (𝜁 ) + 𝑐
(

2 ′
𝚙

(

5
)

− 𝜁
) 𝜕5

𝜕𝐼𝐻4

]

𝐇

+

[

𝑤 (𝜁 ) + 𝑐
(

2 ′
𝚙

(

5
)

− 𝜁
) 𝜕5

𝜕𝐼𝐻5

]

𝐅−1𝐅−𝑇𝐇, (61)

where the derivatives 𝜕5∕𝜕𝐼𝐻4 and 𝜕5∕𝜕𝐼𝐻5 are spelled out in Ap-
pendix A.2 and where 𝑝 stands for an arbitrary hydrostatic pressure.

Remark 13. The corresponding (𝐅,𝐁) version. For the special case when
the magnetic behavior of the ferrofluid particles is linear – that is, when
𝚙(𝐼𝐻5 ) = −𝜇𝚙𝐼𝐻5 ∕2 – the free-energy function (60) admits an explicit
partial inversion of its argument 𝐇 in favor of 𝐁. Precisely, for such a
case the partial Legendre transform (5) of (60) is given by

𝑊 𝐵(𝐅,𝐁) = (1 − 𝑐)𝛹𝚖

(

(1 − 𝑐)2∕3
(

𝐼1 − 3
)

+ 3
)

+ 1
2𝑤(𝜇𝚙)

[

𝐼𝐵5 + 𝑛2𝐼𝐵4 + 𝑛
(

𝐼1𝐼𝐵5 − 𝐼𝐵6
)

1 + 𝑛3 + 𝑛2𝐼2 + 𝑛𝐼1

]

,

where 𝑛 = (𝑣(𝜇𝚙) − 𝑤(𝜇𝚙))∕𝑤(𝜇𝚙) and where we recall again that the
invariants 𝐼2 and 𝐼𝐵4 , 𝐼𝐵5 , 𝐼𝐵6 are given by (10)2 and (12) in terms of
the deformation gradient 𝐅 and the Lagrangian magnetic induction 𝐁.
More generally, however, the free-energy function (60) does not admit
an explicit inversion.

7. Assessment of the proposed models

This section provides an assessment of the proposed explicit models
by direct comparisons with the homogenization solutions (21) and (47).
Section 7.1 presents basic quantitative comparisons between the free
energies (45), (60) and (21), (47) for a large range of deformations
gradients 𝐅 and Lagrangian magnetic fields 𝐇. On the other hand,
Section 7.2 presents comparisons between the responses predicted by
(45), (60) and that predicted by (21), (47) for the magnetostriction of
a spherical specimen made of an MRE subject to a remotely applied
uniform magnetic field.

Results are reported for MREs made of a silicone elastomer, whose
stored-energy function 𝛹 is characterized by (29) and the material
parameters listed in Table 1, filled with iron and ferrofluid particles
whose magnetization saturation function 𝚙 is characterized by (30)
with the material parameters listed in Table 1. We remark that the
material parameters 𝐺1, 𝐺2, 𝛼1, 𝛼2 in Table 1 describe a common soft
silicone elastomer [24]. On the other hand, the material parameters 𝜇𝚙
and 𝑚𝑠

𝚙
in Table 1 are representative of typical iron particles [12] and

of ferrofluid particles.

7.1. Comparisons between the proposed free energies (45), (60) and the
homogenization solutions (21), (47)

We begin by presenting quantitative comparisons between the free
energies (45), (60) and (21), (47) for a wide range of deformations
gradients 𝐅 and Lagrangian magnetic fields 𝐇. Since these free energies
possess the same mechanical part 𝑊𝑚𝑒𝑐ℎ(𝐼1), we only report results for
their respective combinations 𝑊 −𝑊𝑚𝑒𝑐ℎ that are all independent of 𝐼1
and depend only on the invariants 𝐼𝐻4 and 𝐼𝐻5 . Here, it is appropriate
to note that the accuracy of the homogenization solutions (21) and (47)
has already been demonstrated – within the mathematically analogous

setting of elastic dielectric composites, for a large class of matrix and
particle behaviors and for volume fractions up to 𝑐 = 0.20 – for finite
deformations and finite magnetic fields via direct comparisons with
full-field simulations in Section 6 of Lefèvre and Lopez-Pamies [17].

Plots of the free energies (21) and (45) are shown in Fig. 2 for an
MRE containing (a) 𝑐 = 0.1 and (b) 𝑐 = 0.2 volume fraction of iron
particles. Both plots indicate a good qualitative agreement between the
phenomenological free energy (45) and the homogenization solution
(21). Comparisons of the same type, not shown here for brevity, indi-
cate that this remains the case for volume fractions 𝑐 ∈ [0, 0.3] over a
wide range of physically relevant values of the initial permeability 𝜇𝚙
and magnetization saturation 𝑚𝑠

𝚙
of the iron particles.

In order to gain quantitative insight into these comparisons, the lo-
cal relative error in the 1-norm (i.e., the absolute value of the pointwise
relative difference) between the phenomenological free energy (45) and
the homogenization solution (21) are plotted in Fig. 2 for the same
MRE with (c) 𝑐 = 0.1 and (d) 𝑐 = 0.2 volume fraction of iron particles.
For 𝑐 = 0.1, Fig. 2(c) reveals that the phenomenological free energy
(45) remains within 1.0% of the homogenization solution (21) over the
range of values considered for the invariants 𝐼𝐻4 and 𝐼𝐻5 . Fig. 2(d)
for 𝑐 = 0.2 shows the same trend as Fig. 2(c), now with respective
relative error below 1.5%. Here as well, comparisons of the same type
not reported here for brevity have shown similar trends for volume
fractions 𝑐 ∈ [0, 0.3] over a wide range of physically relevant values
of the initial permeability 𝜇𝚙 and magnetization saturation 𝑚𝑠

𝚙
of the

iron particles.
Analogous plots of the free energies (47) and (60) are shown in

Fig. 3 for an MRE containing (a) 𝑐 = 0.1 and (b) 𝑐 = 0.2 volume
fraction of ferrofluid particles. Both plots indicate a good qualitative
agreement between the phenomenological free energy (60) and the
homogenization solution (47). Comparisons of the same type, also not
shown here for brevity, indicate that this remains the case for volume
fractions 𝑐 ∈ [0, 0.3] over a wide range of physically relevant values
of the initial permeability 𝜇𝚙 and magnetization saturation 𝑚𝑠

𝚙
of the

ferrofluid particles.
Again, in order to gain quantitative insight into these comparisons,

the local relative error in the 1-norm (i.e., the absolute value of
the pointwise relative difference) between the phenomenological free
energy (60) and the homogenization solution (47) are plotted in Fig. 3
for the same MRE with (c) 𝑐 = 0.1 and (d) 𝑐 = 0.2 volume fraction of
ferrofluid particles. For 𝑐 = 0.1, Fig. 3(c) reveals that the phenomeno-
logical free energy (60) remains within 1.5% of the homogenization
solution (47) over the range of values considered for the invariants 𝐼𝐻4
and 𝐼𝐻5 . Fig. 3(d) for 𝑐 = 0.2 shows the same trend as Fig. 3(c), now
with respective relative error below 2.0%. Here as well, comparisons of
the same type not reported here for brevity have shown similar trends
for volume fractions 𝑐 ∈ [0, 0.3] over a wide range of physically relevant
values of the initial permeability 𝜇𝚙 and magnetization saturation 𝑚𝑠

𝚙
of

the ferrofluid particles.

7.2. Comparisons for the magnetostriction response of a spherical MRE
specimen

In order to further and more critically assess the proposed explicit
models, we now report comparisons between the responses predicted
by (45), (60) and those predicted by (21), (47) for the magnetostriction
of spherical specimens made of MREs containing iron and ferrofluid
particles subject to a remotely applied uniform magnetic field. In
addition to its fundamental and practical relevance [27,31], such a
boundary-value problem allows to probe the difference between the
proposed models (45), (60) and the homogenization solutions (21), (47)
over physically meaningful deformations and magnetic fields that are
realizable with conventional equipment [1].

We follow the approach of Lefèvre et al. [1] wherein, for computa-
tional expediency, numerical solutions in the specimen and surrounding
space – assumed to be air – are generated on a spatial domain of

9
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Fig. 2. Plots (a)–(b) of the combination 𝑊 −𝑊𝑚𝑒𝑐ℎ of the free energies (21), (45) and (c)–(d) of the local relative error in the 1-norm between the phenomenological free energies
(45) and the homogenization solution (21). Results are plotted over a wide range of physically meaningful values of the invariants 𝐼𝐻4 , 𝐼𝐻5 and correspond to an MRE containing
(a), (c) 𝑐 = 0.1 and (b), (d) 𝑐 = 0.2 volume fraction of iron particles with material parameters listed in Table 1.

Fig. 3. Plots (a)–(b) of the combination 𝑊 −𝑊𝑚𝑒𝑐ℎ of the free energies (47), (60) and (c)–(d) of the local relative error in the 1-norm between the phenomenological free energies
(60) and the homogenization solution (47). Results are plotted over a wide range of physically meaningful values of the invariants 𝐼𝐻4 , 𝐼𝐻5 and correspond to an MRE containing
(a), (c) 𝑐 = 0.1 and (b), (d) 𝑐 = 0.2 volume fraction of ferrofluid particles with material parameters listed in Table 1.

sufficiently large but finite extent, and not on R3 entirely. While full
details of this approach can be found in Section 6 in Lefèvre et al. [1], it
is appropriate to mention here that (i) the finite domain of computation
is comprised of the spherical MRE specimen surrounded by an air-
filled thick spherical shell subjected on its external surface to the affine
boundary conditions 𝐱 = 𝐗 and 𝜓 = −𝐇∞ ⋅ 𝐗 (see Fig. 4(a)), (ii)

the surrounding air is treated as a highly compressible magnetoelastic
material with vanishingly small mechanical stiffness, and (iii) the nu-
merical solutions are generated by means of a conforming axisymmetric
7-node hybrid triangular finite element discretization that leverages
the axial symmetry of the problem around the direction, say 𝐞3, of the
applied magnetic field 𝐇∞ = 𝐻∞𝐞3.

10
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Fig. 4. (a) Schematic of the finite domain utilized to generate numerical solutions for the boundary-value problem (19). The air domain is defined by a spherical shell of initial
outer radius that is twenty times that of the MRE specimen. Schematics of a spherical MRE specimen of initial radius A in (b) its initial configuration and (c) its deformed
configuration indicating the poles utilized to compute the overall magnetostriction 𝑎∕𝐴 and points in the air adjacent to the specimen utilized to compute the overall magnetization
(𝑏𝑝3 − 𝑏

𝑒
3)∕𝜇0.

By providing pointwise solutions for the deformation and magnetic
fields in the MRE specimen and surrounding air, this approach also
allows to extract global information about the deformation and magne-
tization of the specimen as would be done experimentally. Following
standard approaches in the literature, the overall magnetostriction
stretch of the specimen is simply defined here as the stretch of the
distance between the two poles of the specimen in the 𝐞3 direction;
see Fig. 4(b),(c). By leveraging the continuity equations (13)–(14), the
overall magnetization of the specimen is defined as (𝑏𝑝3 − 𝑏

𝑒
3)∕𝜇0 where

𝑏𝑝3 and 𝑏𝑒3 are the 𝐞3-components of the Eulerian magnetic induction 𝐛 –
accessible experimentally with Hall probes (see, e.g., [32]) – probed in
the air immediately adjacent to the pole and equator of MRE specimen,
respectively; see Fig. 4(c). Due to the non-uniform spatial variations of
the deformation and magnetic fields in the specimen, we emphasize
here that these overall magnetostriction and overall magnetization do
not correspond in general to the average of the local magnetostric-
tion and magnetization in the specimen. Rather, they correspond to
structural – and not just material – information about the response
of the MRE specimen that is accessible experimentally and provide,
in addition to the pointwise solutions, another way of assessing the
proposed explicit models.

Results for MREs containing iron particles. Figs. 5–6 present contour
plots in the 𝐞1-𝐞3 plane of the local component 𝐹33(𝐗) of the deforma-
tion gradient and of the local component 𝑚3(𝐱) of the magnetization
over spherical specimens made of MREs characterized by (a)–(c) the
proposed phenomenological model (45) and (d)–(f) the homogeniza-
tion solution (21), and containing 𝑐 = 0.222 volume fraction of iron
particles with material properties listed in Table 1. The contours in
Fig. 5 are shown over the undeformed configuration of the specimen
as implied by the argument 𝐗 of 𝐹33(𝐗), while the contours in Fig. 6
are shown over the deformed configuration of the specimen as implied
by the argument 𝐱 of 𝑚3(𝐱). Further, the contours correspond to the
magnitudes 𝐻∞ = 0.5, 1.0, 1.5 MA/m of the remotely applied magnetic
field 𝐇∞, and the color scale bars in each of them indicate the corre-
sponding variation of the quantity of interest from its minimum to its
maximum.

A quick glance at Figs. 5–6 suffices to recognize the good agreement
between the response predicted by the proposed phenomenological
model (45) and that by the homogenization solution (21). It is also
clear from Fig. 5 that the local deformation gradient is highly het-
erogeneous, with regions in tension in the core of the specimen and
regions in compression at its poles, while Fig. 6 indicates that the local
magnetization is much more uniform across the specimen. This implies

that the material magnetization response of the MRE can be accurately
measured as described above for spherical specimens; the same is not
true in general for cylindrical specimens [1].

Additional insight into the differences between the proposed phe-
nomenological model (45) and the homogenization solution (21) is
obtained by plotting in Fig. 7(a) the overall magnetostriction and (b)
the overall magnetization – as defined above – as functions of the
magnitude 𝐻∞ of the remotely applied magnetic field for three volume
fractions 𝑐 = 0.087, 0.16, 0.222 of iron particles. As expected from the
fact that, by construction (see Section 4), for arbitrary deformations
and all volume fractions, the proposed model (45) agrees exactly with
the homogenization solution (21) for infinitely small and infinitely
large magnetic fields, the two sets of predictions for the overall mag-
netostriction and overall magnetization shown in Fig. 7 agree in these
limiting ranges of applied magnetic fields for the three volume frac-
tions considered. As expected further from the local good qualitative
agreement shown in Figs. 5–6 for intermediate values of 𝐻∞, the two
predictions of the proposed model (45) are in good qualitative agree-
ment with those predicted by the homogenization solution (21), with
some quantitative differences for the overall magnetostriction in this
range of applied magnetic fields. It is expected that these quantitative
differences may be reduced by employing the model (31) in the pro-
posed model (45) with an appropriate value of the parameter 𝛾𝚙. From
a quantitative perspective, the specimens with volumes fractions 𝑐 =
0.087, 0.16, 0.222 of iron particles reach a saturated magnetostriction
of about 1.01, 1.04, 1.06 and saturated magnetization of about 0.17,
0.31, 0.43 MA/m, respectively, for applied magnetic fields 𝐻∞ ≥ 1.5
MA/m.

Results for MREs containing ferrofluid particles. Similar to Figs. 5–6 for
the case of iron particles, Figs. 8–9 present contour plots in the 𝐞1-
𝐞3 plane of the local component 𝐹33(𝐗) of the deformation gradient
and of the local component 𝑚3(𝐱) of the magnetization over spher-
ical specimens made of MREs characterized by (a)–(c) the proposed
phenomenological model (60) and (d)–(f) the homogenization solution
(47), and containing 𝑐 = 0.222 volume fraction of ferrofluid particles
with material properties listed in Table 1. The contours in Fig. 5 are
shown over the undeformed configuration of the specimen as implied
by the argument 𝐗 of 𝐹33(𝐗), while the contours in Fig. 6 are shown
over the deformed configuration of the specimen as implied by the
argument 𝐱 of 𝑚3(𝐱). The contours correspond to the magnitudes 𝐻∞ =
0.5, 1.0, 1.5 MA/m of the remotely applied magnetic field 𝐇∞, and the
color scale bars in each of them indicate the corresponding variation of
the quantity of interest from its minimum to its maximum.
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Fig. 5. Contour plots of the component 𝐹33(𝐗) of the deformation gradient over spherical specimens made of a MRE characterized by (a)–(c) the proposed model (45) and (d)–(f)
the homogenization solution (21), and containing 𝑐 = 0.222 volume fraction of iron particles. The contours correspond to the remotely applied magnetic field 𝐇∞ = 𝐻∞𝐞3 with
𝐻∞ = 0.5, 1.0, 1.5 MA/m and are shown over the undeformed configuration of the specimens.

Fig. 6. Contour plots of the component 𝑚3(𝐱) of the magnetization over spherical specimens made of a MRE characterized by (a)–(c) the proposed model (45) and (d)–(f) the
homogenization solution (21), and containing 𝑐 = 0.222 volume fraction of iron particles. The contours correspond to the remotely applied magnetic field 𝐇∞ = 𝐻∞𝐞3 with
𝐻∞ = 0.5, 1.0, 1.5 MA/m and are shown over the deformed configuration of the specimens.

A quick glance at Figs. 8–9 suffices to recognize the good agreement
between the response predicted by the proposed phenomenological
model (60) and that by the homogenization solution (47). It is also
plain from Fig. 8 that the local deformation gradient is also highly
heterogeneous, though less so than for the case of iron particles as the
specimen made of MRE with ferrofluid particles is locally only under
tension. Similar to Fig. 6, Fig. 9 indicates that the local magnetization
is almost uniform across the specimen.

Here again, additional insight into the differences between the
proposed phenomenological model (60) and the homogenization so-
lution (47) is obtained by plotting in Fig. 10(a) the overall magne-
tostriction and (b) the overall magnetization – as defined above – as
functions of the magnitude 𝐻∞ of the remotely applied magnetic field
for three volume fractions 𝑐 = 0.087, 0.16, 0.222 of ferrofluid particles.
The predictions from the proposed phenomenological model (60) for
the overall magnetostriction and overall magnetization are in good
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Fig. 7. (a) Overall magnetostriction and (b) overall magnetization of spherical specimens made of a MRE characterized by the phenomenological model (45) labeled ‘‘Pheno.’’,
and the homogenization solution (21) labeled ‘‘Homo.’’, and containing 𝑐 = 0.087, 0.16, 0.222 volume fraction of iron particles.

Fig. 8. Contour plots of the component 𝐹33(𝐗) of the deformation gradient over spherical specimens made of a MRE characterized by (a)–(c) the proposed model (60) and (d)–(f)
the homogenization solution (47), and containing 𝑐 = 0.222 volume fraction of ferrofluid particles. The contours correspond to the remotely applied magnetic field 𝐇∞ = 𝐻∞𝐞3
with 𝐻∞ = 0.5, 1.0, 1.5 MA/m and are shown over the undeformed configuration of the specimens.

qualitative and quantitative agreement with those of the homogeniza-
tion solution (47) over the entire range of applied magnetic field.
This stems again from the fact that, by construction (see Section 6),
the proposed model (60) agrees exactly – for arbitrary deformations
and all volume fractions – with the homogenization solution (47)
for infinitely small and infinitely large magnetic fields, and from the
local good qualitative agreement shown on Figs. 8–9 for intermediate
values of 𝐻∞. Quantitatively, the specimens with 𝑐 = 0.087, 0.16,
0.222 reach a magnetostriction of about 1.14, 1.35, 1.75, much larger
than corresponding specimens with iron particles, and magnetization
of about 0.06, 0.10, 0.15 MA/m, respectively, at 𝐻∞ = 2.0 MA/m. It
is clear from Fig. 10(a) that MREs containing ferrofluid particles hold
promising potential for practical use in MRE-based devices leveraging
their magnetostrictive capabilities.
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Fig. 9. Contour plots of the component 𝑚3(𝐱) of the magnetization over spherical specimens made of a MRE characterized by (a)–(c) the proposed model (45) and (d)–(f) the
homogenization solution (21), and containing 𝑐 = 0.222 volume fraction of ferrofluid particles. The contours correspond to the remotely applied magnetic field 𝐇∞ = 𝐻∞𝐞3 with
𝐻∞ = 0.5, 1.0, 1.5 MA/m and are shown over the deformed configuration of the specimens.

Fig. 10. (a) Overall magnetostriction and (b) overall magnetization of spherical specimens made of a MRE characterized by the phenomenological model (60) labeled ‘‘Pheno.’’,
and the homogenization solution (47) labeled ‘‘Homo.’’, and containing 𝑐 = 0.087, 0.16, 0.222 volume fraction of ferrofluid particles.
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𝜕5
𝜕𝐼𝐻4

= −
54𝑐(1 − 𝑐)(𝜉 − 𝜇0)𝜇20

5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]3

and

𝜕5
𝜕𝐼𝐻5

=

[

54𝑐(1 − 𝑐)[(5 − 2𝑐)𝜇0 − 2(1 − 𝑐)𝜉]𝜇20
5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]4

𝐼𝐻4 +
18(1 − 𝑐)[

(

10 − 10𝑐 + 6𝑐2
)

𝜇0 +
(

5 + 𝑐 − 6𝑐2
)

𝜉]𝜇20
5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]4

𝐼𝐻5

]

×

2𝑎0 + 3𝑎1(𝐼𝐻5 )1∕2 + 4𝑎2𝐼𝐻5 + (𝜉 − 𝜇𝚙)
(

𝑎4(𝐼𝐻5 )−1∕2 + 2𝑎5 + 3𝑎6(𝐼𝐻5 )1∕2 + 4𝑎7𝐼𝐻5
)

2[𝑎3 + 𝑎4(𝐼𝐻5 )1∕2 + 𝑎5𝐼𝐻5 + 𝑎6(𝐼𝐻5 )3∕2 + 𝑎7(𝐼𝐻5 )2]
+

9[(10 − 𝑐 + 6𝑐2)𝜇0 + (5 + 𝑐 − 6𝑐2)𝜉]𝜇20
5[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜉]3

.

Box I.

𝜕5

𝜕𝐼𝐻4
=

3
(

1500 − 1900𝑐 + 729𝑐36∕25
)

(𝜁 − 𝜇0)𝜇20
250[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁 ]3

and

𝜕5

𝜕𝐼𝐻5
=
3𝜇20[

(

3000 − 1150𝑐 + 729𝑐36∕25
)

𝜇0 −
(

750 − 1150𝑐 + 729𝑐36∕25
)

𝜁 ]

250[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁 ]3
+

[

3
(

750 − 1150𝑐 + 729𝑐36∕25
)

𝜇20
125[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁 ]3

𝐼𝐻5 −

27
(

1500 − 1900𝑐 + 729𝑐36∕25
)

𝜇30
250[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁 ]4

𝐼𝐻5 +
3
(

1500 − 1900𝑐 + 729𝑐36∕25
)

[(5 − 2𝑐)𝜇0 − 2(1 − 𝑐)𝜁 ]𝜇20
250[(2 + 𝑐)𝜇0 + (1 − 𝑐)𝜁 ]4

𝐼𝐻4

]

×

2𝑎0 + 3𝑎1(𝐼𝐻5 )1∕2 + 4𝑎2𝐼𝐻5 + (𝜁 − 𝜇𝚙)
(

𝑎4(𝐼𝐻5 )−1∕2 + 2𝑎5 + 3𝑎6(𝐼𝐻5 )1∕2 + 4𝑎7𝐼𝐻5
)

2[𝑎3 + 𝑎4(𝐼𝐻5 )1∕2 + 𝑎5𝐼𝐻5 + 𝑎6(𝐼𝐻5 )3∕2 + 𝑎7(𝐼𝐻5 )2]

Box II.

Appendix. The derivatives entering the constitutive relations (46)
and (61)

A.1. The partial derivatives entering in (46)

The derivatives 𝜕5∕𝜕𝐼𝐻4 and 𝜕5∕𝜕𝐼𝐻5 that enter in the constitutive
relations (46) implied by the free-energy function (45) are given in
Box I.

A.2. The partial derivatives entering in (61)

The derivatives 𝜕5∕𝜕𝐼𝐻4 and 𝜕5∕𝜕𝐼𝐻5 that enter in the constitutive
relations (61) implied by the free-energy function (60) are given in
Box II.
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