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 A B S T R A C T

This work deals with the experimental, numerical and theoretical study of the purely magnetic response of hard 
magnetorheological elastomer (ℎ-MRE) foams of variable particle and porosity content. First, the fabrication 
and experimental measurement of the remanent magnetic flux of the ℎ-MRE foams are presented. We find 
that at lower particle content, the foam comprises closed-cell porosity, with the voids having a variable size 
and ellipsoidal shape. As the particle content in the matrix increases, the voids become smaller in size and 
more spherical in shape, while the porosity decreases. We show experimentally that the remanent magnetic 
flux is entirely independent of the shape and orientation of the voids. Image-based morphological analysis of 
the ℎ-MRE foam microstructure subsequently allows to reconstruct numerically unit-cells that share the same 
statistics as those of the experimental foams. These unit-cells are used to construct an explicit theoretical model 
with magnetic dissipation. We show that the remanent magnetization is a linear function of the overall particle 
volume fraction in the foam. The model is further used to scale up the analysis and solve the experimental 
boundary value problem of a permanently magnetized ℎ-MRE cube, and the numerical estimates show excellent 
agreement with the experiments. Finally, the numerical model is shown to match available analytical solutions 
for the remanent magnetic flux of parallelepiped magnets.
1. Introduction

Magnetorheological elastomers (MREs) are smart composite mate-
rials comprising magnetic micron-sized particles embedded in polymer 
matrices. They have attracted widespread attention because of their 
capability to deform substantially under small to medium applied 
magnetic fields [1–11], but also because they can take complex shapes 
allowing for functionality by design [12,13]. Currently, MREs may be 
further divided in two main families: magnetically soft (s-MRE) or hard 
(ℎ-MRE) depending on the magnetic properties of the filler particles. 
Specifically, s-MREs contain particles that do not retain magnetization 
upon removal of the magnetic field (e.g., carbonyl iron powder (CIP)), 
while ℎ-MREs contain particles that exhibit remanent magnetization 
upon field removal (e.g., NdFeB) [14–18]. Applications of such smart 
materials range from vibration absorbers [19–21], isolators [22,23], 
cell migration control [24] to soft robots [16,25–27] among others.

From a different perspective, MRE foams [28] have gained increased 
interest too. Indeed, they are lightweight [29,30], have increased mag-
netostriction performance [31], show larger magnetorheological (MR) 
effect than pure MREs [32], and their fabrication under magnetic field 
can be leveraged to impart anisotropic mechanical properties to the 
material [33]. MRE foams reported in the literature can be produced in 
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two distinct ways [34]. The so-called ‘‘ex-situ’’ method consists in filling 
the pores of an existing foam with an MRE (or a magnetorheological 
fluid) blend [35,36]. However, most studies are dedicated to ‘‘in-situ’’ 
foams, which are generally obtained by dispersing the particles in the 
constituent material and adding a foaming (or blowing) agent to create 
pores during the polymerization process [31,34].

Furthermore, research on in-situ MRE foams has nearly exclusively 
focused on polyurethane foams filled with CIP. These s-MRE foams 
exhibit a rather high modulus (a few hundred kPa [29]) as well as a reg-
ular pore structure with pore sizes below a few hundred microns [37], 
which makes them appropriate for applications in the tunable ab-
sorption of shocks [38] and sound [39]. Works on these foams have 
extensively addressed their morphological [40,41], rheological [42], 
magnetic [43] and magneto-mechanical [37,44] properties.

In contrast, very few works have considered softer elastomer foam 
matrices [28,45,46] and, to the best of the authors’ knowledge, ℎ-MRE 
foams have not been investigated yet. ℎ-MRE foam would exhibit a 
remanent magnetic field owing to the fact that hard magnetic particles 
retain magnetization, which soft magnetic particles do not. Hence, 
exploiting concurrently the lightweight property of the foam and the 
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Table 1
Elemental composition of the magnetic particles. 
 Element Boron (B) Iron (Fe) Cerium (Ce) Praseodymium (Pr) Neodymium (Nd) 
 wt% 1 75.1 6.4 0.3 17.2  
remanent magnetic field could be of great interest in designing ultra-
light soft sensors, soft actuators or programmable soft robots [27,47]. 
Thus, this study proposes to investigate the fabrication process of 
ℎ-MRE soft foams, its influence on the foam morphology and pore 
distribution, as well as the influence of the magnetization amplitude on 
the purely magnetic remanent behavior of the obtained foams. Further 
insight is built by confronting experimental results to numerical sim-
ulations. While the present study only focuses on the purely magnetic 
response, it constitutes a first necessary step fabrication-wise but also 
modeling-wise for the understanding of the more complete coupled 
magneto-mechanical response of these materials. The later is underway 
and is left for the future.

2. Fabrication of 𝒉-MRE soft foams

2.1. Raw materials and fabrication process

The material used in this study is Soma Foama 25 (Smooth-On, 
USA), a soft two-component flexible platinum silicone foam. When 
the two components (Part A and Part B) are combined, the mixture 
generates bubbles, leading to a 2–3 times increase of the original 
volume.

The hard magnetic particles are in a form of powder (MQFP-12-5-
20092-089, Neo Magnequench, China), whose composition is indicated 
in Table  1. In particular, the manufacturer reports isotropic particles, 
with sizes in the range 1.38–26.16 μm, a mean volume diameter (MV) 
of 5.28 μm. Most of the magnetic properties of the particles are taken 
from previous studies [17,48] whereas their magnetization saturation 
is calibrated by use of one experimental data point in this study, as 
discussed in detail in Section 5.3.

For the fabrication, we first disperse the particles in Part B (which is 
the most viscous component) along with Silicon Thinner fluid (Smooth-
On, USA) to lower the overall viscosity and promote a homogeneous 
dispersion of the particles. The compound is thoroughly hand-mixed 
for 15 s. Then, we add Part A, and mix again for 15 s before pouring 
the mixture in a mold previously sprayed with a release agent (Ease 
Release 200, Smooth-On, USA) in order to facilitate the removal of the 
sample after curing. Curing takes place at room temperature for 1 h.

The relative quantity of particles in the polymer blend is expressed 
in parts per hundred rubber (phr) defined as 

𝑝ℎ𝑟 = 100
𝑀𝑝

𝑀𝐴 +𝑀𝐵
or 𝑀𝑝 =

𝑝ℎ𝑟
100

(𝑀𝐴 +𝑀𝐵). (1)

In this relation, 𝑀𝑝 (in g) corresponds to the mass of particles and 
𝑀𝐴 +𝑀𝐵 (with 𝑀𝐴 = 𝑀𝐵 in the present work) is the two-component 
silicon mass in liquid form. Note that in all cases, the silicon thinner 
has mass 5wt% of 𝑀𝐴 +𝑀𝐵 .

2.2. Influence of the mold shape on the foam morphology

Next, we 3D print two molds with Verowhite material (Stratasys, 
USA): the first mold has a constant cross-section of 10 mm × 10 mm and 
a total height of 15 mm, while the second mold has a 10 mm × 10 mm 
cross-section along a 15 mm height followed by a 15 mm × 15 mm 
cross-section along another 15 mm height. Since constrained foaming 
has been observed to reduce MR foam porosity [49], we carry out all 
tests allowing for free foaming, i.e, by leaving the top of the molds 
open. h-MRE foam mixtures of 70, 140 and 210 phr are poured in 
each mold up to 15 mm. The entirety of the obtained samples are 
cut vertically in the middle to observe their cross-section with a VH-
Z20R microscope (Keyence, Japan) under 30x magnification. In the 
2

micrographs reported in Fig.  A.13, the contour of the mold is indicated 
in red, and the considered zone of interest, a 10 mm × 10 mm square 
(to later yield a cubic sample) is delineated in blue.

In all cases, though much less markedly for the 210 phr samples, 
the pores are of ellipsoidal shape and mostly elongated in the upward 
direction of foaming. With the first mold, the ellipsoidal pores located 
at the top of the mold tend to tilt towards the center as the foam freely 
exits the mold and creates an enlarged dome at the top. With the second 
mold, where the expansion of the foam is laterally constrained by the 
15 mm × 15 mm cross-section chimney of 15 mm height at the exit 
of the 10 mm × 10 mm cross-section, the tilt of the pores towards the 
center is much less marked. As a result, since the pore shapes appear 
more uniform in the zone of interest, all samples are subsequently 
fabricated using the second mold.

Then, we fabricate two series of samples each with 70, 140 and 
210 phr and we make either a vertical or horizontal mid cut using 
a razor blade to obtain cross-sections for pore characterization, as 
discussed in detail in Section 3. Next, we fabricate and characterize 
magnetically (see Section 4) 10 additional samples with 70, 140 and 
210 phr, which are cut in cubes of volume 𝑉𝑓= 10 × 10 × 10 mm3 and 
mass 𝑀𝑓  (denoted here for later use).

3. Morphological characterization of 𝒉-MRE foams

3.1. Porosity and particle volume fraction estimates

During the fabrication process, the masses of the raw components 
(particles and uncured silicone) and phr serve as the control param-
eters. Nevertheless, the main parameter affecting the final magnetic 
response is the total volume fraction of particles in the ℎ-MRE foam. 
For this reason, we proceed here with an approximate estimation of 
the relevant volume fractions of the components making up the foam, 
i.e., the volume fraction of the voids, 𝑐𝑣, the pure silicon matrix, 𝑐𝑠, the 
particles in the ℎ-MRE matrix (comprising the particles and the silicon 
but not the voids), 𝑐𝑝𝑚, and the particles in the entire foam, 𝑐𝑝.

Following the concomitant curing and formation of voids, volume 
fractions of the particles and voids in the ℎ-MRE are estimated by
assuming that the silicon matrix mass and volume in liquid and cured 
form are conserved.1 Considering next the addition of 5wt% silicon 
thinner in the entire mixture and Eq.  (1)2, one may approximate the 
mass of the cured silicon 𝑀𝑠 and thus that of the particles 𝑀𝑝 by 

𝑀𝑠 ≃ 1.05 (𝑀𝐴 +𝑀𝐵), 𝑀𝑝 =
𝑝ℎ𝑟
105

𝑀𝑠. (2)

Using these last relations together with the standard identities 

𝑉𝑓 = 𝑉𝑣 + 𝑉𝑝 + 𝑉𝑠, 𝑀𝑓 = 𝑀𝑝 +𝑀𝑠, 𝑀𝑣 = 0, 𝜌(𝑓,𝑠,𝑝) =
𝑀(𝑓,𝑠,𝑝)

𝑉(𝑓,𝑠,𝑝)
(3)

we get after some straightforward algebra (using 𝑀𝑓 = (𝑝ℎ𝑟∕105+1)𝑀𝑠
that the volume fraction of voids 𝑐𝑣 in the foam sample is given by 

𝑐𝑣 =
𝑉𝑣
𝑉𝑓

= 1 −
𝑉𝑝 + 𝑉𝑠
𝑉𝑓

= 1 −
𝜌𝑓 (𝑝ℎ𝑟 𝜌𝑠 + 105 𝜌𝑝)
𝜌𝑠 𝜌𝑝(105 + 𝑝ℎ𝑟)

. (4)

Here, 𝜌𝑓 = 𝑀𝑓∕𝑉𝑓 , 𝜌𝑠 and 𝜌𝑝 denote the densities of the ℎ-MRE foam, 
the silicon matrix phase and the particles, respectively. In particular, 

1 This assumption is extremely difficult to verify in the present case, where 
the foaming process starts immediately after mixing parts A and B. Even so, 
we use this usual approximation which allows us to describe eventually the 
magnetic response of the ℎ-MRE foam as a function of the particle volume 
fraction which theoretically is the most relevant quantity.
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Fig. 1. Optical micrographs of the vertical cross-sections of ℎ-MRE foam samples with increasing particle content: (a) 70 phr (𝑐𝑣 = 0.606, 𝑐𝑝 = 0.032), (b) 140 phr (𝑐𝑣 = 0.593, 
𝑐𝑝 = 0.062), and (c) 210 phr (𝑐𝑣 = 0.413, 𝑐𝑝 = 0.124). Each inset corresponds to the 10 mm × 10 mm zone of interest.
Table 2
Volume fraction of voids 𝑐𝑣, and volume fraction of particles in the matrix 𝑐𝑝𝑚 and in 
the foam sample 𝑐𝑝, estimated from 10 different samples. 
 phr 𝑐𝑣 𝑐𝑝𝑚 𝑐𝑝  
 70 0.612 ± 0.020 0.082 ± 0.000 0.032 ± 0.002 
 140 0.594 ± 0.011 0.151 ± 0.000 0.061 ± 0.002 
 210 0.418 ± 0.050 0.211 ± 0.001 0.123 ± 0.011 

𝜌𝑠 = 1,021 kg/m3 and is obtained experimentally by weight measure-
ments of known volumes of fluid components, while 𝜌𝑝 = 7,640 kg/m3

and is provided by the manufacturer. The mass 𝑀𝑓  and volume 𝑉𝑓  of 
the samples are measured after fabrication thus providing 𝜌𝑓 .

Next, the volume fraction of particles in the ℎ-MRE matrix, 𝑐𝑝𝑚, is 
estimated as 

𝑐𝑝𝑚 =
𝑉𝑝

𝑉𝑝 + 𝑉𝑠
=

𝜌𝑠𝑀𝑝

𝜌𝑝𝑀𝑠 + 𝜌𝑠𝑀𝑝
=

𝜌𝑠 𝑝ℎ𝑟
𝜌𝑠 𝑝ℎ𝑟 + 105 𝜌𝑝

. (5)

Here, we clarify that the 𝑉𝑝 + 𝑉𝑠 denotes the volume of the pure ℎ-
MRE matrix without the voids, and that particles remain confined to 
the matrix, thus being absent in the voids.

Then, the volume fraction of the particles in the entire foam sample 
𝑐𝑝 is simply evaluated as a function of 𝑐𝑝𝑚 and 𝑐𝑣 from the relation 

𝑐𝑝 =
𝑉𝑝
𝑉𝑓

=
𝑉𝑝

𝑉𝑝 + 𝑉𝑠

𝑉𝑝 + 𝑉𝑠
𝑉𝑓

= 𝑐𝑝𝑚 (1 − 𝑐𝑣). (6)

Based on the above equations, the values of porosity and particle 
filling factors obtained for the 10 different samples corresponding to 70, 
140 and 210 phr are reported in Table  2. These results exhibit minimal 
dispersion but more importantly demonstrate unambiguously that the 
increase of particle filling factor in the silicon matrix 𝑐𝑝𝑚 leads to a 
decrease of the resulting porosity 𝑐𝑣 during the foaming process. The 
total particle volume fraction 𝑐𝑝 instead increases similarly to 𝑐𝑝𝑚. The 
particle content thus significantly influences the generation of voids in 
the ℎ-MRE foam, as also noticed in polyurethane foams [40]. This may 
be intuitively explained by noting that as the particle content increases, 
the pure ℎ-MRE matrix becomes heavier [50] and thus hinders the 
growth of the bubbles generated by the foaming agent.

3.2. Voids shape and size characterization

Optical microscope images of the vertical cross-sections of ℎ-MRE 
foams of 70, 140 and 210 phr are presented in Fig.  1 while horizontal 
cross-sections, obtained on another series of samples, are reported in 
Fig.  2. The structure of the foam comprises an ℎ-MRE composite matrix 
and closed-cell pores. In the vertical cross-sections (Fig.  1), the pores 
appear aligned along the foaming direction and exhibit roughly an 
elliptical shape, with their ellipticity decreasing with the increase of 
phr. In contrast, in the horizontal cross-sections (Fig.  2), the pores 
3

exhibit a more circular shape and moderate dispersion in size. Hence, 
overall the pores are ellipsoidal (with almost circular cross-section in 
the horizontal plane), and as the content of particles increases from 
70 to 210 phr, both the size and aspect ratio of the pores decrease, 
indicating smaller and less elongated voids with higher phr.

Since the size and shape distributions of voids have an important 
effect on the properties of foams, be they mechanical or acoustic [51,
52], quantitatively assessing the size and shape distribution of the 
voids in the foam samples appears of interest for gaining insight into 
the microstructure–properties relationship. For this purpose, Python-
based image processing of cross-sectional micrographs is carried out as 
detailed in Appendix  B. We identify first the boundaries of the voids, 
and then use ellipse fitting to determine their size and shape in the 
given cross-section. Subsequently, the characteristics of the detected 
ellipses are analyzed quantitatively to serve as input in the next section.

3.3. Virtual microstructure reconstruction

The goal here is to reconstruct numerically the microstructural 
features of the voids obtained experimentally. Given the ellipsoidal 
geometry of the voids, we employ the random sequential adsorption 
(RSA) method developed by Anoukou et al. [53] to reconstruct peri-
odic, representative volume elements (RVEs) that have the same shape 
statistics as the fabricated samples. The periodicity of the cells, as 
discussed in detail in Section 5, allows to analyze numerically the 
magnetic response of the material considering substantially smaller 
volumes than the actual sample volume [54]. This method extends the 
well-known RSA approach [55,56] to create non-overlapping random 
mono- and polydisperse ellipsoidal inclusions of any shape, orientation 
and size. The details of the algorithm are not repeated here for brevity.

We observe in Fig.  3 that the aspect ratio of the ellipsoidal voids in 
the real foam follows a Gaussian-type distribution in the vertical direc-
tion (see red line). In this regard, the RSA algorithm of Anoukou et al. 
[53] is modified to generate microstructures with a random Gaussian-
type aspect ratio specified as input. We remark that post-processing of 
the numerical microstructure delivers the same distribution than the 
input one (red line in the figure) and thus is not shown for clarity. In 
the horizontal direction, we set the aspect ratio of the voids equal to 
unity for simplicity. It has been shown in Zerhouni et al. [57], in the 
context of elasticity (which is not different from the case of magnetism), 
that for randomly oriented ellipsoidal voids, the material response is 
only weakly affected by the aspect ratio for values less than 2. Fig. 
3a–c compares the numerical and real foam aspect ratios, while the 
bottom part of the figures illustrates cubic RVEs as created with the 
RSA method (the voids are in gray).

It is important to note that the aim of the numerical reconstruction 
is not to replicate the exact number of voids, since the real foam 
contains thousands of voids in a given specimen, but to generate a 
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Fig. 2. Optical micrographs of the horizontal cross-sections of ℎ-MRE foam samples with increasing particle content: (a) 70 phr (𝑐𝑣 =  0.606, 𝑐𝑝 = 0.032), (b) 140 phr (𝑐𝑣  = 0.593, 
𝑐𝑝 = 0.062), and (c) 210 phr (𝑐𝑣 = 0.413, 𝑐𝑝 = 0.124).
Fig. 3. Comparison of the void shape characteristics of virtually generated microstructures of ℎ-MRE foams with those of the real foam. The results show the aspect ratio distribution 
in the vertical direction. The ℎ-MRE foams contain varying particle and void contents identical to the measurements: (a) 70 phr (𝑐𝑣 =  0.606, 𝑐𝑝 = 0.032) containing 592 voids, 
(b) 140 phr (𝑐𝑣 = 0.593, 𝑐𝑝 = 0.062) containing 562 voids and (c) 210 phr (𝑐𝑣 = 0.413, 𝑐𝑝 = 0.124) containing 204 voids.
sufficient number of voids with the same statistical characteristics as 
the real foam that can deliver a representative response under periodic 
boundary conditions [17,58]. We close by noticing that the porosity of 
the foams is less than 61%, which allows us to use the RSA polydisperse 
approach of Anoukou et al. [53]. For larger porosities, however, it 
becomes increasingly difficult to place new non-overlapping voids [59] 
and in such cases, one may resort to other available methods such as 
those proposed by Hooshmand-Ahoor et al. [60,61].

4. Magnetic characterization of 𝒉-MRE foam samples

4.1. Magnetization process and remanent magnetization measurements

The ℎ-MRE foam samples are exposed to a strong external magnetic 
field, denoted as 𝐡app, resulting in the development of a remanent 
magnetic field, denoted as 𝐛𝑟 upon removal of 𝐡app. This magnetization 
process is carried out using a two-coil electromagnet (Bouhnik, France) 
equipped with iron poles of 20 mm diameter separated by an air gap 
of 10 mm (see sketch in Fig.  4a), such that the field is uniform (< 1% 
4

deviation) where the sample is installed within the gap. Irrespective of 
minor magnetic field non-uniformities that may be present, of essence 
in the present process is to reach magnetization saturation everywhere 
in the sample and thus uniform magnetization upon removal of the 
applied magnetic field. This is achieved by applying a sufficiently large 
field as will be discussed below in the context of Fig.  6.

The samples are installed between the poles using a 3D-printed 
insert (a disk of 20 mm diameter and 10 mm height with a square 
through-hole at its center), so that their top and bottom sides are 
centered and in contact with the poles. During magnetization, we 
increase the magnetic field from 0 to 3.1 T and then decrease it back to 
0 T at a controlled rate. The foam samples are positioned in two distinct 
orientations with respect to the applied magnetic field 𝐡app. The first 
one places the major axis of the ellipsoidal voids, whose orientation 
is denoted as 𝐧 for clarity, aligned with the applied magnetic field, 
i.e., 𝐡app ∥ 𝐧 (Fig.  4b). In the second case, the major axis of the ellipsoids 
is perpendicular to the applied magnetic field, i.e., 𝐡app ⟂ 𝐧 (Fig.  4c).

Upon removal of the externally applied magnetic field 𝐡app, we pro-
ceed to the measurement of the magnetic properties of the foam, which 
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Fig. 4. Magnetization of ℎ-MRE foam samples denoting as 𝐡app the applied magnetic field and 𝐧 the orientation of the major axis of the ellipsoidal voids. (a) Sketch of the sample 
positioning between the electromagnet poles during magnetization. (b) 𝐡app ∥ 𝐧 magnetization configuration, and (c) 𝐡app ⟂ 𝐧 magnetization configuration.
Fig. 5. Remanent magnetic field measurements on ℎ-MRE foam samples. (a) PCB with three-axis Hall sensor installed within a 3D-printed support, (b) 3D-printed centering 
template used to place the center of the probed face of the cubic sample in contact with the sensor, (c) sketch of measurement locations and orientations, and (d) example of 
measurement obtained on a 70 phr sample magnetized in the 𝐡app ∥ 𝐧 configuration.
now acts as a permanent magnet due to the remanent magnetization 
induced by the magnetized particles in the polymer phase.

The remanent magnetic field 𝐛𝑟 is measured with a TLE493D-
W2B6 MS2GO three-axis Hall sensor (Infineon Technologies, Germany) 
integrated into a printed circuit board (PCB), and having a range of ±
160 mT with a resolution of 130 μT. The PCB is installed inside a 3D 
printed support base to maintain it horizontal (see Fig.  5a). We use a 
3D-printed centering template to place the cubic samples so that the 
center of the probed ℎ-MRE foam face is in contact with the sensor 
(see Fig.  5b). By convention, irrespective of the ellipsoid orientation 
during magnetization, the bottom and top faces correspond to the faces 
that were in contact with the south and north poles respectively, as 
indicated in Fig.  5c. At each measurement point, all three components 
of remanent magnetic field 𝑏𝑟 , 𝑏𝑟  and 𝑏𝑟  are recorded (Fig.  5d).
5

1 2 3
As expected (and will be further confirmed in Section 5), the max-
imum component of the remanent magnetic field is measured along 
the magnetization direction (𝑏𝑟2) at the top and bottom faces that were 
in contact with the poles of the electromagnet. For these faces, the 𝑏𝑟1
and 𝑏𝑟3 contributions are nearly zero. On all other faces (front, back, 
left and right), which are equivalent with respect to the magnetization 
direction, the largest component of the remanent magnetic field is 
also along the magnetization direction (𝑏𝑟2) but of opposite sign and 
of smaller amplitude (with values within 6% of the average), while the 
other components 𝑏𝑟1 and 𝑏𝑟3 are again nearly zero. Henceforth, in the 
remaining of the study, we focus on the average maximum remanent 
field 𝑏𝑟2, as measured at the top and bottom faces of the sample that 
were in contact with the electromagnet’s poles.
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Fig. 6. Remanent magnetic field measured on samples of different particle contents magnetized at different magnetic speeds (a) in the 𝐡app ∥ 𝐧 configuration, and (b) in the 
𝐡app ⟂ 𝐧 configuration.
 

4.2. Influence of magnetization speed

In order to assess the influence of the magnetization speed on the 
remanent magnetic field of the ℎ-MRE foam samples, we magnetize 
samples of different particle contents with the speed of magnetization 
spanning three decades: 4.34 × 10−3 T/s (‘‘slow’’), 4.34 × 10−2 T/s 
(‘‘medium’’), and 4.34 × 10−1 T/s (‘‘fast’’). Fig.  6a shows results for 
samples magnetized in the 𝐡app ∥ 𝐧 configuration and Fig.  6b for 
samples magnetized in the 𝐡app ⟂ 𝐧 configuration.

For the sake of completeness, we also include data for samples of 
140 and 210 phr that are magnetized using an impulse magnetizer 
(DXMM-12C40 Magnetizer, Dexing Magnet Tech. Co., Limited, China) 
capable of delivering a field above 5 T at the center of a 50 mm coil in 
2 s (see [62]). For each particle content, three samples are magnetized 
in both the 𝐡app ∥ 𝐧 and 𝐡app ⟂ 𝐧 configurations, and results are 
indicated in Fig.  6 with the label ‘‘𝐡appmagnetizer ’’. The error bars correspond 
to two standard deviations stemming from the measurements made on 
three different samples for each case. 

Within the range of speeds considered here, we observe no appre-
ciable effect of the magnetization speed upon the measured remanent 
magnetic field of ℎ-MRE foam samples, regardless of their particle 
content or magnetization direction. Therefore, it can be concluded that 
the remanent magnetic field in the ℎ-MRE foam samples is independent 
of the speed of magnetization as long as it is above the nominal 
remanent flux of the magnetic powder. In the remaining of the study, 
all results correspond to samples magnetized inside the electromagnet 
at medium speed.

4.3. Influence of sample microstructure

In this section, we investigate the effect of the sample microstruc-
ture on the remanent magnetic field 𝐛𝑟. For each considered particle 
content, three samples are magnetized in the 𝐡app ∥ 𝐧 and 𝐡app ⟂ 𝐧 con-
figurations, and average results of the 𝑏𝑟2 component of the remanent 
magnetic flux are reported in Fig.  7 with the error bars corresponding 
to the standard deviation.

Fig.  7a shows that the orientation of the voids (i.e., ellipsoids 
filled with air) during the magnetization process does not affect the 
remanent magnetic field exhibited by the samples after magnetization. 
Hence, ℎ-MRE foam magnetization is independent of the morphological 
anisotropy of the voids. This is not intuitive but can be explained by the 
fact that the voids have the same exact magnetic permeability than that 
of the matrix and the vacuum. As a consequence, the anisotropically 
porous foam can simply be considered as continuum permanent magnet 
6

with uniform magnetization, which is of importance when it comes to 
modeling its magnetic behavior numerically. This point is discussed 
in more detail in the numerical analysis Section 5.2. The results in 
Fig.  7a also imply that the particles are fairly uniformly distributed in 
the intervoid ligaments, and no additional microscopic anisotropy is 
present. Furthermore, as clearly illustrated in Fig.  7b, the only parame-
ter that appears to influence the remanent magnetic field is the particle 
content and, in particular, we observe a linear dependence of 𝑏𝑟2 on the 
particle volume fraction 𝑐𝑝. Despite the approximations employed to 
estimate 𝑐𝑝 in Section 3.1, the linearity between 𝑏𝑟2 and 𝑐𝑝 seems to be 
a fundamental property of the present ℎ-MRE foams. This linearity will 
be confirmed rigorously via full field numerical simulations of the RVE 
and the sample in the following section.

5. Theoretical and numerical modeling of the magnetic behavior

In Section 4.3, we have shown experimentally that the remanent 
magnetic flux at the middle point of the top (and bottom) surface of the 
sample is independent of the morphology of the voids within the foam. 
Herein, we establish a general modeling approach allowing to probe 
this response everywhere in the sample and predict the response for 
arbitrary porosities, particle volume fractions and sample geometries.

This analysis is done in two steps. First, a 3D numerical model of a 
representative volume element (RVE) of an ℎ-MRE foam is generated 
using the statistically relevant microstructures discussed in Section 3.3 
in order to properly assess the influence of void shape orientation as 
well as of particle volume fraction on the magnetic response. Then, the 
homogenized ℎ-MRE model for the foam is implemented and resolved 
numerically for a cube embedded in air (BVP).

5.1. The general magnetic model valid for ℎ-MRE materials with or without 
voids

In this work, we adopt the homogenization-guided continuum model
proposed by Mukherjee et al. [17] to describe the response of both the 
ℎ-MRE composite matrix and the ℎ-MRE foam, which exist naturally in 
two different scales. The ℎ-MRE matrix is a composite material made 
of a silicon matrix and micron-sized particles, and thus the model 
of Mukherjee et al. [17] may be used as such. Instead, the ℎ-MRE foam 
has a third phase, that of the voids, but at a larger scale. In this case, we 
will show that the same Mukherjee et al. [17] model for the magnetic 
response only may be used by recalling the ‘‘homogenized’’ expression 
(6) for 𝑐𝑝. Specifically, if one sets 𝑐𝑣 = 0 in (6) then a bulk ℎ-MRE 
material is obtained. Instead, when 𝑐 ≠ 0, we will show that the same 
𝑣
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Fig. 7. Remanent magnetic field 𝑏𝑟2 measured in samples of different particle contents magnetized at medium speed in the 𝐡app ∥ 𝐧 and in the 𝐡app ⟂ 𝐧 configurations as a function 
of (a) phr, and (b) 𝑐𝑝.
Fig. 8. The microstructure and mesh used for RVE simulations. The MRE foam consists of an MRE matrix and voids. The void phase is meshed to represent air, facilitating the 
transfer of the magnetic field.
expression for 𝑐𝑝 can be used to deliver accurate results for the ℎ-MRE 
foam.

Before we proceed to specific results, we recall briefly from Mukher-
jee et al. [17], the relevant magnetic energy density and dissipation 
potential used in the present study to estimate the magnetic properties 
of the ℎ-MRE matrix and foam. Note that the energy density and 
dissipation potential do not include at this stage any mechanical or 
magneto-mechanical coupling term since the samples did not exhibit a 
measurable change in their dimensions after magnetization and are not 
subjected to any additional mechanical loading in the present study. We 
consider that the particles are distributed uniformly and isotropically in 
the silicon and thus we assume that the response of the ℎ-MRE matrix 
is magnetically isotropic, as also justified by the experimental results in 
Fig.  7. A straightforward and elegant way to satisfy the conditions of 
isotropic material symmetry and frame indifference is to express the 
energy density and dissipation in terms of properly chosen isotropic
invariants, such as 
𝐼h5 = 𝐡 ⋅ 𝐡, 𝐼hhr5 = 𝐡 ⋅𝑟, 𝐼hr5 = 𝑟 ⋅𝑟. (7)

In these definitions, 𝐡 is the magnetic field strength or ℎ-field, while 𝑟

is a remanent field of similar units that acts as an internal variable and 
is responsible for the resulting dissipation of the magnet. Note that the 
𝑟 will not be exactly the same than 𝐡𝑟, which is the remanent ℎ-field 
after the removal of the externally applied magnetic field.
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The pure magnetic free energy is expressed in terms of these 𝐼5-
based invariants, such that 

𝑊𝚖𝚊𝚐(𝐡,𝐡𝑟) = −
𝜇0

2
𝜒𝑒𝐼h

5 +𝜇0(1+𝜒𝑒)𝐼hhr
5 +

𝜇0

2

( 1 − 𝑐𝑝
3𝑐𝑝

)

𝐼hr
5 +

𝜇0

𝑐𝑝
(𝑚𝑠)2

𝜒 𝑟
𝑝

𝑓𝑝

(

√

𝐼hr
5

𝑚𝑠

)

,

(8)

which leads to the magnetic constitutive behavior 

𝐛(𝐡,𝐡𝑟) =
𝜕𝑊𝚖𝚊𝚐

𝜕𝐡
. (9)

Here 𝜒𝑟
𝑝 is the remanent susceptibility of the underlying magnetic parti-

cle, whereas the ‘‘effective’’ parameters 𝜒𝑒 and 𝑚𝑠 for the composite are 
given in terms of the particle magnetic properties and its total volume 
fraction 𝑐𝑝 (see (6)) as 

𝜒𝑒 =
3𝑐𝑝𝜒𝑒

𝚙

3 + (1 − 𝑐𝑝)𝜒𝑒
𝑝
, 𝑚𝑠 = 𝑐𝑝 𝑚𝑠

𝑝

( 1 + 𝜒𝑒
𝑝

1 + 𝜒𝑒

)

, (10)

where 𝜒𝑒
𝑝 and 𝑚𝑠

𝑝 are the particle energetic susceptibility and saturation 
magnetization.2 Moreover, 𝑓𝑝(𝑥) is a nonlinear function that leads to a 

2 A graphic explanation of these parameters is provided in Fig. 2 of Mukher-
jee et al. [17] and is not repeated here for brevity, whereas the reader is also 
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Fig. 9. Results of the RVE simulations of ℎ-MRE foams. (a) Normalized magnetization of three different foams (corresponding to those experimentally studied), magnetized in 
parallel and perpendicular orientations. (b) Average normalized remanent fields 𝑚𝑟

2∕𝑚
𝑠
𝑝 and 𝑏

𝑟
2∕𝑚

𝑠
𝑝 as a function of particle volume fraction 𝑐𝑝. (c) Contours of 𝑏𝑟2, ℎ𝑟

2 and 𝑚𝑟
2

remanent fields of the foam with 70 phr (𝑐𝑣 = 0.606, 𝑐𝑝 = 0.032), under h-field applied parallel and (d) perpendicular to the major axis 𝐧.
saturation-type magnetization behavior, such as the inverse hypergeo-
metric function used here, which reads 

𝑓𝑝(𝑥) = −[log(1 − 𝑥) + 𝑥]. (11)

Next, we define a rate-independent dissipation potential, 𝐷, terms 
of ̇𝑟 only, such that [17,48] 

𝐷(̇𝑟) = 𝑏𝑐 |̇𝑟
| ≥ 0, (12)

referred to Mukherjee and Danas [48] for a more complete study of magnetic 
response.
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where |.| denotes the standard Eulerian norm and 𝑏𝑐 is the effective
coercive field of the composite given by 

𝑏𝑐 = 𝑏𝑐𝑝

(

1 + 𝜒𝑒

1 + 𝜒𝑒
𝑝

)4∕5
. (13)

In this expression, 𝑏𝑐𝑝 and 𝜒𝑒
𝑝 are the particle coercivity and energetic 

susceptibility, respectively, whereas 𝜒𝑒 has been defined in Eq. (10). 
Typically, for a hard-magnetic composite, the effective coercivity is 
given by 𝑏𝑐 = 𝑏𝑐𝑝 [63]. Nonetheless, the multiplicative term of 𝑏𝑐𝑝 in 
Eq. (13) serves as an effective correction term for an actual magnet 
and can be obtained from available experimental data [48].

After some mathematical manipulation described in Mukherjee 
et al. [17], we obtain a criterion known as ferromagnetic switching 
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Fig. 10. The results of the numerical BVP solved with 𝑚𝑠
𝑝= 0.51 MA/m, compared 

with experimental measurements at the top, bottom, and side faces.

surface, which reads [48,65] 
𝛷(𝑟) ∶= |𝑟

|

2 − (𝑏𝑐 )2 = 0. (14)

In this last expression, 𝑟 is a remanent magnetic flux-like vector field 
conjugate to 𝑟 but is not equal to the remanent 𝐛𝑟 field of interest 
in the present work. This last criterion (similar to the yield surface in 
𝐽2 flow theory of elasto-plasticity) must be satisfied during a magnetic 
loading/unloading cycle. The evolution of 𝑟 is then obtained by using 
the normality rule to the switching surface, such that 

̇𝑟 = 𝛬̇ 𝜕𝛷
𝜕𝑟 , 𝛷(𝑟) ≤ 0, 𝛬̇ ≥ 0 and 𝛬̇𝛷 = 0, (15)

with 𝑟(𝑡 = 0) = 𝟎. These conditions are also known as the Karush–
Kuhn–Tucker (KKT) conditions [66,67].

With Eq. (15), the evolution equations for the internal vector vari-
able 𝑟 are now fully defined. Evidently, this model is path- and 
history-dependent. Its mathematical similarity to 𝐽2 flow theory of 
plasticity allows us to resort to already well-known numerical algo-
rithms (such as the radial return algorithm) to resolve the evolution 
equations and evaluate the deformation and magnetic fields under 
general magnetic loads. The model must be solved numerically, as 
is the case in all incremental elasto-plastic models in the literature. 
Numerical implementations of the model in user element routines 
for ABAQUS [68] and FEniCS are available in Mukherjee et al. [69] 
and Rambausek et al. [70], respectively. In the present study, we use 
the implementations in Abaqus.

5.2. Microstructural RVE simulations

We investigate the effect of ellipsoidal voids orientation on the 
magnetic properties of the ℎ-MRE foam by conducting a 3D full-field 
representative volume element (RVE) simulation on the virtual foam 
microstructures obtained in Section 3.3. This corresponds to an analysis 
of a two-phase material comprising the voids (in the order of 50–100 
μm) and an ℎ-MRE composite matrix which is free of voids and carries 
the magnetic particles. The particles, which are much smaller than 
the voids (i.e., in the order of 5 μm), are taken into account by the 
homogenized model presented in the previous section by setting 𝑐𝑣 = 0 
in all expressions such that 𝑐𝑝 = 𝑐𝑝𝑚. With this analysis, we aim 
at showing rigorously that the average remanent magnetic field 𝐛𝑟 in 
the foam material and at its surface scales linearly with the particle 
volume fraction everywhere in the sample, which further supports the 
experimental observations in Fig.  7b.

A conformal mesh composed of ten-node, quadratic tetrahedral 
elements (C3D10) is generated using the open-source mesh generation 
9

Table 3
Magnetic properties of the NdFeB particles. 
 𝜒𝑒

𝑝 𝜒 𝑟
𝑝 𝑏𝑐𝑝 (T) 𝜇0 (μN ⋅ A2) 

 0.105 8.0 1.062 4𝜋10−1  

software GMSH. Fig.  8 illustrates an example of the mesh created 
for the microstructure with 𝑐𝑣 =  0.606 and 𝑐𝑝 = 0.032 (70 phr), as 
introduced in Fig.  3a. We remark that the void phase needs to be 
meshed in order to allow for the proper continuity of the magnetic 
fields everywhere in the sample.

We also apply periodic boundary conditions across opposite bound-
aries of the RVE following the methodology established by Danas [58] 
in two dimensions and extended in three dimensions in Mukherjee et al. 
[17] and Mukherjee and Danas [18] (and not repeated here for brevity).

In the experiments proposed in this study, we have information on 
the remanent magnetic field 𝐛𝑟 but not the entire history of 𝐛. In the 
context of the present complete model presented in the previous sec-
tion, it is necessary, however, to provide values for all relevant material 
parameters. Following earlier studies, we choose those parameters as 
reported in Table  3. It is noted that those parameters do not affect the 
final distribution of the magnetic fields in the sample upon removal of 
the magnetic field, provided that the sample is magnetized sufficiently 
to reach the magnetization saturation regime, where no more magnetic 
dissipation is expended.

In contrast, we allow the scalar magnetization saturation of the 
particles 𝑚𝑠

𝑝 to serve as the calibration parameter of the model. For this 
reason, in the RVE simulations, we show all results normalized with 
that material property. Its precise value will be identified in Section 5.3 
by use of experimental data.

An average magnetic field 𝑏𝑎𝑝𝑝2  is applied in the RVE, which is 
increased from 0 to 3.1 T, and decreased back to 0 T. As shown in 
Section 4.2, the magnetization process is rate-independent as is the 
model presented here and thus the rate of application of 𝑏𝑎𝑝𝑝2  is inconse-
quential. The microstructure can be oriented such that the major axis of 
the voids is parallel or perpendicular to the average applied field 𝑏𝑎𝑝𝑝2 . 
A single RVE realization takes approximately three hours to run for a 
mesh with approximately 300,000 degrees of freedom using 40 cores 
in parallel.

Fig.  9a shows the average normalized magnetization 𝑚2∕𝑚𝑠
𝑝 in the 

RVE for three different foams (corresponding to those experimentally 
studied) magnetized in parallel and perpendicular orientations with 
respect to the major axes of the voids. At fixed particle volume fraction 
𝑐𝑝, the magnetization response is independent of the magnetization 
direction. Furthermore, increasing the particle content results in higher 
magnetization, particularly in terms of remanent magnetization. Addi-
tional RVE simulations are conducted on microstructures with different 
particle volume fractions 𝑐𝑝 than those studied experimentally. Fig.  9b 
shows the average normalized remanent fields 𝑚𝑟

2∕𝑚
𝑠
𝑝 (left 𝑦-axis) and 

𝑏
𝑟
2∕𝑚

𝑠
𝑝 (right 𝑦-axis) as a function of particle volume fraction 𝑐𝑝, where 

𝑚𝑠
𝑝 is the saturation magnetization of the particles, whose exact value 

for the present materials will be determined in the next section. The 
red markers correspond to RVE simulations on virtually reconstructed 
microstructures from experimental data with identical 𝑐𝑝. It can be 
observed that both 𝑏𝑟2 and 𝑚𝑟

2 exhibit a linear relation with respect to 
the particle volume fraction 𝑐𝑝 such that 𝑚𝑟

2 = 𝑐𝑝𝑚𝑠
𝑝 and 𝑏

𝑟
2 = 𝜇0𝑐𝑝𝑚𝑠

𝑝.
Fig.  9c and d illustrate contours of local 𝑏𝑟2, ℎ𝑟2 and 𝑚𝑟

2 remanent 
fields for 𝑐𝑣 = 0.606 and 𝑐𝑝 = 0.032 (70 phr) foam, under applied 
field parallel and perpendicular to the major axis of the ellipsoids, 
respectively. Interestingly, despite significant variations in 𝑏𝑟2 and ℎ𝑟2
between the two cases, 𝑚𝑟

2 remains unchanged whether the 𝐡 field is 
applied parallel or perpendicular to the major axis 𝐧. Furthermore, 𝑚𝑟

2
remains uniform throughout the matrix, regardless of the complexity 
and differences in local 𝑏𝑟2 and ℎ𝑟2. This may be simply explained by 
noting that the magnetic permeability is equal to 𝜇 , as is the case in 
0
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Fig. 11. The contours of 𝑏𝑟2, ℎ𝑟
2 and 𝑚𝑟

2 remanent fields of the foam with 𝑐𝑣 = 0.606 and 𝑐𝑝 = 0.032 (70 phr) (a)–(c) in a cross-section of air and foam domains, (d)–(f) inside the 
uniform ℎ-MRE foam cube sample.
the silicon matrix and thus these two otherwise different components 
(silicon and air) behave in the same fashion when it comes to magnetic 
properties. What is interesting, however, is that the elongated geometry 
of the voids and thus the concentration of the particles in oriented ma-
trix domains does not affect the magnetization response which remains 
overall ‘‘isotropic’’. This important observation allows to construct next 
a very simple approach for the ℎ-MRE foam.

5.3. Macroscopic boundary value problem (BVP) of ℎ-MRE foams and 
constitutive relations

Starting from the previous observation of linearity between the 
remanent fields and the particle volume fraction, one may directly use 
the exact same model described in Section 5.1 for the ℎ-MRE foam this 
time. We only need to identify the particle volume fraction 𝑐𝑝 with that 
in the entire foam, i.e., as defined in Eq. (6) setting 𝑐𝑝𝑚 equal to the 
volume fraction in the ℎ-MRE matrix phase and 𝑐𝑣 equal to the void 
volume fraction in the foam.

This simple but powerful result allows to scale up our analysis to the 
sample size and solve numerically the entire boundary value problem 
(BVP) with realistic boundary conditions. In addition, using the solution 
of the BVP, one obtains a value for the magnetization saturation of the 
particles 𝑚𝑠

𝑝 and can compare directly with the experimental data.
In Fig.  C.17, we show the geometry and mesh of the analyzed BVP. 

We consider a cube of dimensions 𝐿3 embedded in a large air domain 
((10𝐿)3). A far-field magnetic field 𝑏𝑎𝑝𝑝 with maximum value 3.1 T is 
applied to bring the cube to magnetic saturation and then is removed. 
We use hexahedral bilinear eight-node isoparametric elements (C3D8) 
to analyze the problem. Fine meshing is required near the corners to 
capture accurately the strong magnetic field gradients. For the magnetic 
problem, we use a scalar potential approach as the one described 
in Mukherjee et al. [17].

The BVP is used to identify the remaining material parameter 𝑚𝑠
𝑝, 

which corresponds to the magnetization saturation of the particles. 
Note that the experimental magnetic measurements are conducted after 
magnetization, i.e., only the remanent fields are measured at fixed 
10
locations. For this reason, we assume the magnetic properties of the 
particles to be the same than those used in the RVE simulations and 
correspond to Table  3 of Mukherjee et al. [17].

Specifically, we use the experimental remanent flux 𝑏𝑟2 for the 
140 phr ℎ-MRE foam, corresponding to 𝑐𝑝 = 0.061 (see Table  2) to 
solve the boundary value problem. The remanent field 𝑏𝑟2 is estimated 
at the center of both the bottom and top surfaces, as in the experiment. 
We find that a value 𝑚𝑠

𝑝 = 0.51 MA/m gives the best fit between the 
experiments and the numerical remanent flux 𝑏𝑟2. This value is then 
used in Fig.  10 to simulate different particle and void volume fractions 
𝑐𝑝 and 𝑐𝑣, respectively. We observe an excellent agreement between 
the model predictions and the experimental measurements for all cases 
considered.

For completeness, we show in Fig.  11 corresponding contours at 
a cross-section of the entire domain (a–c) as well as for the cubic ℎ-
MRE foam (d–f). In Fig.  11a and b the remanent 𝑏𝑟2 and ℎ𝑟2 appear 
highly heterogeneous. In contrast, the remanent magnetization 𝑚𝑟

2 in 
Fig.  11c may be considered practically uniform in the cube since the 
heterogeneity computed appears in the fourth digit (i.e., in the order 
of a few hundreds of A.m).

This observation reveals that irrespective of the non-uniformities 
inherent in the magnetic flux 𝑏 and magnetic field strength ℎ, their 
contributions to the magnetization 𝑚 = 𝑏∕𝜇0 − ℎ remain constant. Fi-
nally, the effect of sample geometry on the distribution of the magnetic 
remanent fields and resulting magnetization is studied in Appendix  C.

5.4. A simple analytical solution for the remanent magnetic flux of paral-
lelepiped geometries

Following the Biot–Savart law and a magnetic vector potential for-
malism, Gou et al. [64] derived analytical expressions of the magnetic

field 𝐛𝑟 distributions outside a parallelepipedic permanent magnet, 
which may also be used to estimate the remanent flux inside the mag-
net. Their analytical expressions are simplified further and presented 
for completeness in Appendix  D. A central assumption in their approach 
is the uniformity of the magnetization in the sample. This assumption 
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̂

Fig. 12. Comparison between the Gou et al. [64] analytical solutions for a cubic magnet and the present numerical simulations. (a) Contour of the analytical 𝑏𝑟2 component in 
the central vertical cross-section of the cube and surrounding air. 𝑏𝑟2 profile along the (b) 2-direction and the mid axis, (c) along the 3-direction and the mid axis and (d) along 
the 3-direction and an axis at the top surface of the cube. The inset sketch shows the direction and position of the plotting directions of 𝑏𝑟2.
is sufficiently accurate in the present problem as clearly shown in 
the previous section for cubes and also in Appendix  C for different 
parallelepipeds with various aspect ratios. In that solution, a scalar 
parameter, denoted as ̂𝑏𝑟, is directly determined by measuring 𝑏𝑟2 at the 
center of the bottom surface of the sample (measurement presented in 
Fig.  5d), similarly to the identification of the 𝑚𝑠

𝑝 in our full-field model. 
By comparison with the numerical results, ̂𝑏𝑟 can be directly related to 
𝑐𝑝 and 𝑚𝑠

𝑝 via 

𝑏𝑟 = 𝜇0 𝑐𝑝 𝑚
𝑠
𝑝. (16)

These analytical solutions therefore reproduce readily the numerical 
results in Fig.  10, whereby they are extremely useful to reconstruct the 
magnetic flux distributions inside and outside the magnetized domain 
for a parallelepiped geometry.

Fig.  12 shows a comparison of the Gou et al. [64] analytical so-
lutions and the numerical estimates for the main component 𝑏𝑟2 along 
different directions. While the solutions of Gou et al. [64] have been 
obtained to predict 𝐛𝑟 outside a parallelepiped body, by comparison 
with our numerical simulations, we find that those solutions also hold 
inside the magnetized body. We find that 𝑏𝑟2 is non-uniform inside 
the cube, is maximum at its center, vanishes rapidly when moving 
away from the sample’s surface along the 2-direction, and exhibits 
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a strong discontinuity at the cube interface with the surrounding air 
along the 3-direction, as expected from the Maxwell equations [71,72]. 
Furthermore, given the fact that the magnetization 𝑚𝑟

2 has been shown 
to be uniform in the present geometry, one can obtain 𝑚𝑟

2 according 
to the continuity of the tangential component of ℎ𝑟2 at the interface 
between the air and sample [7].

The agreement between the experimental and analytical estimates 
is extremely good implying that the ℎ-MRE foam behaves indeed as a 
continuum permanent magnet with ‘‘uniform magnetization’’ (which is 
one of the principal underlying assumptions of the analytical solution 
of Gou et al. [64]) allowing to have a quick estimate of the underlying 
remanent magnetic flux 𝐛𝑟 in the entire sample if the field is known 
at one location (via measurement). This analytical solution, however, 
requires re-calibration of the parameter ̂𝑏𝑟 each time the particle con-
tent changes and cannot be used for non-parallelepipedic geometries. 
Yet, one of the potential interests of the ℎ-MRE foams and in general 
of magnetically hard and soft MREs is their potential to be fabricated 
in various complex shapes [47,73,74].

6. Conclusion

In this study, we fabricate ℎ-MRE elastomer foams with different 
particle contents through an in-situ fabrication process and characterize 
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Fig. A.13. Optical micrographs of the vertical cross-sections of ℎ-MRE samples of different particle contents fabricated in different molds. Red lines delineate the mold shape and 
blue lines the considered zone of interest. Mold with a 10 mm × 10 mm cross-section along a 15 mm height for (a) 70 phr, (b) 140 phr, and (c) 210 phr samples. Mold with a 
10 mm × 10 mm cross-section along a 15 mm height, followed by a 15 mm × 15 mm cross-section along another 15 mm height for (d) 70 phr, (e) 140 phr, and (f) 210 phr 
samples.
their pore morphology, size and shape distribution. We observe that the 
majority of pores exhibits ellipsoidal shapes whereas their size is found 
to decrease with the increase in particle content. In addition, we find 
that porosity decreases in general with the increase in particle content.

The analysis of the magnetic properties of the foams shows unam-
biguously that the void shape (and size) has no effect on the magnetic 
properties of the foams. In addition, we find that the speed of magne-
tization does not alter the remanent magnetic flux of the foam. More 
importantly, we show experimentally that the main parameter control-
ling the magnetic behavior is the overall particle volume fraction in the 
ℎ-MRE foam, with the remanent magnetic flux being a linear function 
of the particle volume fraction.

In parallel, we adapt an earlier dissipative homogenization-guided 
magnetic model proposed for compact incompressible hMREs in the 
context of hMRE foams taking into account directly the effect of the 
particle volume fraction and porosity. The explicit model is three-
dimensional and is verified via full-field periodic unit-cell simulations 
12
of the reconstructed void geometry. In addition, the model has been im-
plemented numerically as a user element in [68]. Note that even though 
it is employed here on a cube for validation purposes, it can in fact 
now be used to solve arbitrary BVPs with any complex geometry. The 
numerical BVP solution combined with the experimental data is used to 
calibrate a single material constant, the magnetization saturation of the 
particles. We recover as expected that both the remanent magnetic flux 
and magnetic field strength are heterogeneous in the cubic specimen, 
but not the magnetization.

This observation allows to revisit the analytical solution of Gou et al. 
[64] valid for parallelepiped magnets and show by comparison with 
the numerical estimates that the solution of the remanent magnetic 
flux is also valid inside the magnet. This analytical solution allows for 
a quick estimate of the remanent magnetic flux of parallelepiped ℎ-
MRE foams only by identifying a single fitting constant. The present 
study is one of the first in ℎ-MRE elastomer foams and focuses on their 
purely magnetic response, which is a necessary important step towards 
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Fig. B.14. Main steps of the image processing of the vertical cross-section micrographs of ℎ-MRE foam samples with different particle content: (a) 70 phr (𝑐𝑣 = 0.606, 𝑐𝑝 = 0.032), 
(b) 140 phr (𝑐𝑣 = 0.593, 𝑐𝑝 = 0.062), and (c) 210 phr (𝑐𝑣 = 0.413, 𝑐𝑝 = 0.124). The vertical axis corresponds to the foaming direction.
understanding their more general magneto-mechanical response. The 
latter is underway and will be presented elsewhere. The tools developed 
in the present work may also be extended to study 𝑠-MRE foams and 
this again is beyond the scope of the present work.
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Appendix A. Influence of mold shape on the foam morphology

See Fig.  A.13.

Appendix B. Histograms of characteristics of fitted ellipses

We carry out a quantitative image processing of cross-section mi-
crographs using the Python cv2 and scikit-image libraries (Fig.  B.14). 
Lighting is adjusted during imaging so that the voids appear as dark 
as possible and the ℎ-MRE matrix in shades of gray. Using multi-Otsu 
thresholding, we convert the grayscale image into a binary image in 
which the voids are intended to appear black and the matrix white. 
However, the binarized image remains noisy, especially for 70 and 
140 phr samples (see Fig.  B.14b,c), since isolated black pixels appear 
in the white matrix phase, thereby reducing the accuracy of pore 
identification. We improve upon this by applying a dilation operation 
in the white phase thus filling the isolated black pixels. This step is 
followed by an erosion operation with the same kernel parameters as 
for dilation, so that the black voids regain their original size. These two 
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Fig. B.15. Histograms of the void size and shape in the vertical cross-sections shown in Fig.  1. Area of elliptical voids for (a) 70 phr (𝑐𝑣 = 0.606, 𝑐𝑝 = 0.032), (b) 140 phr 
(𝑐𝑣 = 0.593, 𝑐𝑝 = 0.062), and (c) 210 phr (𝑐𝑣 = 0.413, 𝑐𝑝 = 0.124). Aspect ratios of the elliptical voids for (d) 70 phr, (e) 140 phr, and (f) 210 phr.
Fig. B.16. Histograms of the void size and shape in the horizontal cross-sections shown in Fig.  1. Area of elliptical voids for (a) 70 phr (𝑐𝑣 = 0.606, 𝑐𝑝 = 0.032), (b) 140 phr 
(𝑐𝑣 = 0.593, 𝑐𝑝 = 0.062), and (c) 210 phr (𝑐𝑣 = 0.413, 𝑐𝑝 = 0.12). Aspect ratios of the elliptical voids for (d) 70 phr, (e) 140 phr, and (f) 210 phr.
operations allow to eliminate most of the noise in the binary image, 
as can be seen in Fig.  B.14, where the process is illustrated in the 
case of the vertical cross-sections of Fig.  1. Then, we carry out contour 
detection to delineate the boundaries between the black phase and 
the white one, and run ellipse fitting on these boundaries so that the 
characteristics of the detected ellipses can be analyzed.
14
Fig.  B.15a–c shows the distributions of the measured area of the 
elliptical voids and Fig.  B.15d–f the aspect ratios of the fitted ellipses 
in the vertical cross-sections. The number of detected voids are 581, 
477 and 1229 for samples of 70, 140 and 210 phr, respectively. For 
the horizontal cross-sections, the distributions of the area of the fitted 
ellipses is plotted in Fig.  B.16a–c, and the aspect ratios in Fig.  B.16d–f. 
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Fig. C.17. (a) The mesh and the computation area for the boundary value problem of ℎ-MRE foams. The length of the surrounding air is ten times the length of the ℎ-MRE foam 
sample, (b) a cross-section of the mesh used for the BVP, which includes the ℎ-MRE foam cubic sample and the surrounding air, (c) the applied boundary condition of the BVP.
The number of detected voids are in this case 1335, 1498 and 1610 
for samples with 70, 140 and 210 phr, respectively. Samples of 70 and 
140 phr exhibit very similar characteristics with ellipsoidal voids being 
elongated in the vertical direction, with average vertical and horizontal 
aspect ratios of 2.19 and 1.45, respectively. Their size estimated by the 
area exhibit some polydispersity especially in the vertical cross-section. 
In contrast, in the case of 210 phr, the void morphology changes 
significantly with both average vertical and horizontal aspect ratios 
being close to 1.60, and with void sizes being in general smaller and 
more monodisperse.

Appendix C. BVP mesh and  influence of sample aspect ratio on 
magnetization uniformity

First, the geometry and mesh of the analyzed boundary value prob-
lem (BVP) is reported in Fig.  C.17.

Second, to assess whether the shape of the sample affects the 
uniformity of magnetization, BVPs with identical parameters are run 
on ℎ-MRE uniform foams with varying aspect ratios ranging from 0.1 
to 5 (Fig.  C.18a). In order to ensure that the results are comparable, the 
element sizes are kept constant across all aspect ratios. Fig.  C.18b shows 
the remanent fields 𝑏𝑟2, ℎ𝑟2 and 𝑚𝑟

2, along with their respective variations 
throughout the ℎ-MRE foam for the different aspect ratios studied. The 
results demonstrate that increasing the aspect ratio leads to higher 
𝑏𝑟2 values, while ℎ𝑟2 decreases as the sample becomes more elongated. 
Interestingly, the remanent magnetization, 𝑚𝑟

2, remains constant re-
gardless of the aspect ratio. This indicates that the magnetization 
behavior is not influenced by changes in the sample’s aspect ratio.

For further analysis, the contours of the magnetic fields are exam-
ined for samples with the aspect ratios of 0.2 and 5 (Fig.  C.18c and d). 
Even in these highly flattened or elongated configurations, the varia-
tions in the magnetic fields are minimal, suggesting that the uniformity 
of magnetization remains largely unaffected despite substantial changes 
in aspect ratio.

Appendix D. Analytical solution of Gou et al.

We report the analytical expressions used to evaluate the remanent 
𝐛𝑟 field after simplifying slightly the results of Gou et al. [64]. We 
also note that those expressions are also valid inside the magnet after 
comparing them with the numerical solutions obtained in this work. 
Specifically, we consider a magnetized parallelepiped along direction 2
with dimensions 𝐿1 × 𝐿2 × 𝐿3. Then the remanent magnetic field 𝐛𝑟 in 
such a magnet may be evaluated up to an unknown constant, denoted 
here as ̂𝑏𝑟, which may be obtained by measuring any one component 
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of the latter remanent field at one point in space. The remanent field 
along the magnetized direction 2 reads 

𝑏𝑟2(𝑥1, 𝑥2, 𝑥3) =
𝑏̂𝑟

4𝜋

[

𝐹2(𝐿1 − 𝑥1, 𝐿2 − 𝑥2, 𝐿3 − 𝑥3) + 𝐹2(𝐿1 − 𝑥1, 𝐿2 − 𝑥2, 𝑥3)

+𝐹2(𝑥1, 𝐿2 − 𝑥2, 𝐿3 − 𝑥3) + 𝐹2(𝑥1, 𝐿2 − 𝑥2, 𝑥3)

+𝐹2(𝐿1 − 𝑥1, 𝑥2, 𝐿3 − 𝑥3) + 𝐹2(𝐿1 − 𝑥1, 𝑥2, 𝑥3)

+𝐹2(𝑥1, 𝑥2, 𝐿3 − 𝑥3) + 𝐹2(𝑥1, 𝑥2, 𝑥3)
]

(D.1)

with 𝐹2 being a non-dimensional function of the spatial coordinates 
given by 
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(D.2)

The corresponding components lying at the plane perpendicular to 
the applied magnetization read

𝑏𝑟1(𝑥1, 𝑥2, 𝑥3) =
𝑏̂𝑟

8𝜋

[

𝐹13
(

𝑥1, 𝑥2, 𝐿3 − 𝑥3
)
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(
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)

−𝐹13
(
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(D.3)

𝑏𝑟3(𝑥1, 𝑥2, 𝑥3) =
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with 𝐹13 being a non-dimensional function of the spatial coordinates 
given by 
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Data availability

Data will be made available on request.
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Fig. C.18. The solution of BVP of ℎ-MRE foams with different aspect ratios. (a) The ℎ-MRE uniform foams with varying aspect ratios H/L, where H is the height of the sample 
and L is the length. (b) The remanent fields 𝑏𝑟2, ℎ𝑟

2 and 𝑚𝑟
2 and their variation across the ℎ-MRE uniform foam at various aspect ratios. The connected dots show the average of 

the fields. (c) The contours of the local remanent fields 𝑏𝑟1, 𝑏𝑟2 ℎ𝑟
1, ℎ𝑟

2, 𝑚𝑟
1 and 𝑚𝑟

2 of samples with aspect ratio H/L=0.2 and (d) H/L=5.
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