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AcLve	
  materials	
  in	
  engineering	
  applicaLons	
  

Energy Harvesters Actuators 

Refreshable Braille displays Tunable color displays 

SRI	
  (2009);	
  Kofod	
  et	
  al.	
  (2007);	
  Carpi	
  et	
  al.	
  (2010);	
  Aschwanden	
  &	
  Stemmer	
  (2006)	
  	
  

hard hard soft soft 



Biological	
  and	
  bio-­‐inspired	
  acLve	
  materials	
  

Human Heart Human muscles 

!   Driven	
  by	
  electro-­‐chemical	
  
actuaLon	
  signals	
  to	
  create	
  
mechanical	
  deformaLon	
  

!   Polymer	
  thin	
  films	
  



Magneto-­‐acLve	
  materials	
  

!   Torsional	
  suspension	
  mounts	
  
(change	
  sLffness	
  upon	
  applicaLon	
  
of	
  electric	
  current)	
  
	
  
!   VibraLon	
  dampers,	
  HapLcs	
  

MR elastomer 
Relative	
  
deformation	
  
17%	
  

Magnet 

M.	
  Hafez	
  et	
  al.,	
  2011 

[Ginder et al., 1999, Danas et al. 2012] 
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AcLve	
  materials	
  in	
  hapLc	
  interfaces	
  

Tactile Teleoperation : Vibration Haptic Interface : EAPs 

!

MRF 1-dof haptics: in-Vehicle  

Periquet and Lozada, 2012 

Design made by CEA LIST, France 

Thin-metal films on PDMS 

Audoly & Boudaoud, 2009; Breid and 
Croscby, 2009; Cai et al. JMPS, 2011 



ParLcle	
  chain	
  microstructures	
  

20μm	
  

Isotropic	
  

SEM	
  Images	
  of	
  6	
  MREs	
  with	
  11%	
  ferromagneLc	
  parLcles	
  

[Chen et al., Smart Mater. Struct, 2007] 
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Uniform	
  vs	
  non-­‐Uniform	
  magneLc	
  fields	
  

[Varga et al., Polymer, 2007] 

Field-­‐ParLcle	
  interacLons	
  

dominate	
  when	
  applied	
  field	
  

is	
  non-­‐uniform.	
  

ParLcle-­‐ParLcle	
  interacLons	
  

dominate	
  when	
  applied	
  field	
  

is	
  uniform.	
  



Plan	
  of	
  the	
  talk	
  

!   FabricaLon	
  and	
  Experiments	
  
!   ParLcle-­‐chain	
  manufacturing	
  
!   Uniaxial	
  experiments	
  under	
  magneto-­‐mechanical	
  loads.	
  
!   A	
  micro-­‐deformaLon	
  mechanism	
  of	
  inter-­‐parLcle	
  moLon	
  is	
  proposed.	
  

!   Finite	
  element	
  formulaLons	
  
!   A	
  unique	
  minimum	
  variaLonal	
  formulaLon.	
  
!   SimulaLons	
  of	
  mulL-­‐parLcle	
  systems.	
  	
  
!   Periodic	
  unit-­‐cells.	
  
	
  

!   Hierarchical	
  Marginally	
  stable	
  MREs	
  
!   A	
  simple	
  film/substrate	
  structure.	
  
!   AsymptoLc	
  analysis	
  and	
  full	
  analyLcal	
  soluLons.	
  
!   FE	
  simulaLons	
  and	
  preliminary	
  experiments.	
  



FABRICATION 	
  	
  

Pössinger	
  et	
  al.,	
  SPIE	
  Microtechnologies	
  (2013)	
  
	
  



FabricaLon	
  procedure	
  

Pot life 
Molding 

Curing 

Degassing 
Mixing 

Weighing 
Pretreatment 

!   ParLcles	
  
-­‐  Fe	
  powder	
  
-­‐  Average	
  diameter	
  size	
  3.5μm	
  

!   Matrix	
  
-­‐  Sok	
  silicone,	
  Shore	
  00-­‐20,	
  E=0.03Mpa	
  
-­‐  Two-­‐part	
  liquid	
  RTV	
  system	
  



Curing	
  under	
  thermal	
  and	
  magneLc	
  fields	
  

Alignement of particles in field direction 

h field h field 

no field h field 

[Possinger et al., 2014] 



Effect	
  of	
  surface	
  treatment	
  

Isotropic distributions of particles 

5µm 

With surface 
treatment (primer) 

Without surface 
agent (no-primer) 
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rt
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M
R

E 

Uniaxial tension at different vol%  
along the particle chains 

Images taken at the SEM of LMS 



EXPERIMENTS	
  	
  

Danas,	
  Kankanala	
  &	
  Triantafyllidis,	
  JMPS,	
  (2012)	
  
	
  
	
  
	
  



Micrographs	
  &	
  Material	
  FabricaLon	
  

γ

Magnetic field, h

τ

τ

Zoom

Microstructure

iron-particles

elastomer
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!   MRE	
  comprises	
  25%	
  iron	
  parLcles	
  of	
  0.5-­‐5μm	
  size.	
  

!   MRE	
  cured	
  in	
  0.5T	
  magneLc	
  field.	
  

!   Curing	
  process	
  leads	
  to	
  formaLon	
  of	
  parLcle	
  chains.	
  

[Ginder et al., 1999] 



Setup	
  for	
  magnetostricLon	
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σ

hN

σ

hN

!   ParLcle	
  Chains	
  perpendicular	
  to	
  
magneLc	
  field	
  

!   ParLcle	
  Chains	
  parallel	
  to	
  
magneLc	
  field	
  



MagneLzaLon	
  –	
  Experiments	
  

Effect	
  of	
  preload	
  on	
  	
  
magneLzaLon	
  response	
  

Effect	
  of	
  parLcle	
  chain	
  orientaLon	
  	
  
on	
  magneLzaLon	
  response	
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MagnetostricLon	
  –	
  Experiments	
  

Effect	
  of	
  preload	
  on	
  	
  
magneLzaLon	
  response	
  

Effect	
  of	
  parLcle	
  chain	
  orientaLon	
  	
  
on	
  magneLzaLon	
  response	
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MicrodeformaLon	
  mechanism	
  –	
  Conjecture	
  
Parallel configuration, σ/G    0

h h

Initial state Apply h Near 
Saturation

≤

h h

Initial state Apply h Near 
Saturation

Perpendicular configuration, σ/G < 0

EXPAN
SIO

N
	
  

EXPAN
SIO

N
	
  

[Klingenberg & Zukoski, 1990; Bossis & Lemaire, 1991] 



MicrodeformaLon	
  mechanism	
  –	
  Conjecture	
  

[Klingenberg & Zukoski, 1990; Bossis & Lemaire, 1991] 

h h

Initial state Apply h Near 
Saturation

Parallel configuration, σ/G    0.075≥
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Finite	
  Element	
  ImplementaLons	
  

Work	
  in	
  progress	
  



The	
  fields	
  :	
  some	
  basic	
  noLons	
  

!   MagneLc	
  field,	
  b	
  

!   Displacement	
  u	
  

!   DeformaLon	
  F	
  

L+u 
L 

!   Stress	
  σ	
  

F =
@x

@X

Tei = � · ei



We	
  do	
  this	
  since	
  long	
  Lme	
  in	
  engineering	
  

[Danas & Aravas, 2012] 
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!   Strain	
  map	
  !   3D	
  geometry	
  



PotenLal	
  Energy	
  in	
  Reference	
  ConfiguraLon	
  

!   VariaLon	
  of	
  P	
  w.r.t	
  the	
  independent	
  variables	
  gives	
  field	
  equaLons:	
  

�P(u,M,↵) = P,u �u+ P,M �M+ P,↵ �↵ = 0

!   PotenLal	
  energy	
  associated	
  with	
  direct	
  formulaLon:	
  

F = I+ ur

r = �/�X

�0 = � J :

J = detF :

B = J F�1 · b

N
O
TA

TI
O
N
	
  

b = µ0 (h+ �M)

P(u,M,↵) =

Z

V
⇢0

h
 (C,M)� µ0 M · bh� f · u

i
dV �

Z

@V
T · u dA

+

Z

R3

1

2µ0 J
|F · (r⇥↵)� µ0 ⇢0 M|2 dV

eB = r⇥↵

B = bB+ eB



Summary	
  of	
  Field	
  EquaLons	
  (current	
  config)	
  

! Amper’s	
  law	
  :	
  

!   Zero	
  net	
  flux	
  law:	
  
!   Linear	
  momentum:	
  

Governing	
  equa-ons	
  :	
   Boundary/Interface	
  condi-ons	
  :	
  

r⇥ h = 0 n ⇥ [[h]] = 0

ConsLtuLve	
  equaLons	
  in	
  current	
  configuraLon	
  

!   Total	
  Stress	
  (using	
  objecLvity	
  of	
  Ψ)	
  :	
  

!   MagneLc	
  relaLons	
  :	
   b = µ0 (h+ �M)

	
  	
  
mat. density mech. body force f :⇢ :

b : magnetic field h-field spec. magnetization M :

F : deformaLon	
  gradient	
  

� = �


2F · ⇥�

⇥C
· FT + µ0 (Mh+ hM)

�
+ µ0


hh� 1

2
(h · h)I

�
= �T

� · b = 0 n · [[b]] = 0

� · � + ⇢ f = 0 n · [[�]] = t

µ0 h =
��

�M



Boundary	
  Value	
  Problems	
  including	
  air	
  

EnLre	
  2D	
  Geometry	
  including	
  
both	
  air	
  &	
  MRE	
  composite	
  

2D	
  Geometry	
  of	
  a	
  
representaLve	
  MRE	
  composite	
  

Stationary Air 

Movable Air 

MRE composite 

Elastomer 
(non-magnetizable) 

Magnetizable 
Particle (e.g., Fe) h : magnetic lines 

W (F) =
µ

2
(I1 � 3) +

µ0

2
(J � 1)2

W (F) =
µp

2
(I1 � 3) +

µ0
p

2
(J � 1)2+

cM M ·M+ fsat(M ·M)



Two-­‐parLcle	
  FE	
  analysis	
  

2-­‐parLcle	
  chain	
  parallel	
  to	
  
applied	
  magneLc	
  field	
  

2-­‐parLcle	
  chain	
  perpendicular	
  
to	
  applied	
  magneLc	
  field	
  

Ap
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m
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Lc
	
  fi
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d,
	
  h
	
  

Applied	
  magneLc	
  field,	
  h	
  

Extension of MRE under applied magnetic field 



16-­‐parLcle	
  FE	
  analysis	
  

Chains	
  parallel	
  to	
  applied	
  
magneLc	
  field	
  

Chains	
  perpendicular	
  to	
  
applied	
  magneLc	
  field	
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  fi
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d,
	
  h
	
  

Applied	
  magneLc	
  field,	
  h	
  

Extension of MRE under applied magnetic field 



Two-­‐parLcle	
  Periodic	
  FE	
  analysis	
  

RepresentaLve	
  2D	
  periodic	
  unit-­‐cell	
  

h : magnetic lines 

Periodic	
  BC’s	
  

↵ ⌘ periodic

(which implies that α should be equal at 
opposite sides of the unit-cell) 

!   Displacement	
  &	
  Stress	
  field	
   !   MagneLc	
  potenLal	
  field	
  

!   Elastomer	
  (non-­‐magneLzable)	
  

!   Rigid	
  MagneLzable	
  parLcle	
  (e.g.,	
  Fe)	
  

W (F) =
µ

2
(I1 � 3) +

µ0

2
(J � 1)2

µp >> µ

W (F) =
µp

2
(I1 � 3) +

µ0
p

2
(J � 1)2+

cM M ·M+ fsat(M ·M)

ui =
�
F ij � �ij

�
Xj + u⇤

i

T
mech

= T
tot

�T
magn

= T0



Examples:	
  Shape	
  &	
  DistribuLon	
  effects	
  

X1

X2 L2

L1

2a1
2a2

w = a2/a1

wd = L2/L1

!   ParLcle	
  shape	
  aspect	
  raLo	
  :	
  

!   Unit-­‐cell	
  aspect	
  raLo	
  :	
  

✓

!   ParLcle	
  orientaLon	
  :	
   ✓

Applied	
  magneLc	
  field,	
  h	
  

Tmech = 0
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c=25%,	
  w=0.25,	
  wd=1	
  

✓ = 5o

Applied	
  magneLc	
  field,	
  h	
  

z  A	
  misorientaLon	
  of	
  the	
  ellipse	
  leads	
  to	
  change	
  in	
  the	
  sign	
  of	
  the	
  
macroscopic	
  magnetostricLon!	
  

z  θ=0	
  leads	
  to	
  no	
  rotaLon	
  but	
  instability	
  occurs!	
  

F 12 = F 21 = 0

S11 = S22 = 0

Tmech = 0



Hierarchical	
  Marginally	
  stable	
  MREs	
  

Danas	
  &	
  Triantafyllidis,	
  JMPS,	
  2014	
  



Unstable	
  behavior	
  of	
  MREs	
  

Structural	
  CalculaLon	
  (no	
  periodicity)	
  

Applied	
  magneLc	
  field,	
  h	
  



CriLcally	
  stable	
  macro-­‐	
  &	
  micro-­‐structures	
  

Air

MRE film

Substrate (Isotropic)

!   MRE	
  layer	
  /	
  substrate	
  block	
  

!   MagneLc	
  field	
  along	
  X2	
  

!   Axial	
  Compression	
  along	
  X1	
  

!   Infinite	
  layer	
  and	
  substrate	
  
in	
  X1	
  

!   Infinite	
  substrate	
  in	
  X2	
  

GOAL	
  :	
  buckling	
  at	
  low	
  magne5c	
  fields	
  &	
  for	
  a	
  large	
  
range	
  of	
  layer-­‐substrate	
  s5ffness	
  ra5os	
  



Micrographs	
  &	
  Material	
  selecLon	
  

!   MRE	
  comprises	
  25%	
  iron	
  parLcles	
  of	
  0.5-­‐5μm	
  size.	
  

!   MRE	
  cured	
  in	
  0.5T	
  magneLc	
  field.	
  

!   Curing	
  process	
  leads	
  to	
  formaLon	
  of	
  parLcle	
  chains.	
  

Ginder et al. 1999, Danas et al., JMPS, 2012 

MRE film Microstructure

iron-particles

elastomer
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Parallel configuration

Perpendicular configuration



An	
  asymptoLc	
  analysis	
  

 l(F,M) = Gl


H2

12(1� ⌫l)
(w,11)

2 +
C7

2M2
s

(�2M)2
�

w(X1) ⌘ u2(X1,
H

2
), M(X1) ⌘ M2(X1,

H

2
)

!   EnergeLcs	
  of	
  the	
  MRE	
  film	
  
Air

MRE film

Substrate (Isotropic)

 s =
Gs�

2(1� ⌫s)
w2

!   EnergeLcs	
  of	
  the	
  polymer	
  substrate	
  

!   Using	
  small	
  strain	
  kinemaLcs	
  :	
  	
  

�2 = 1 + ✏22, J = 1 + ✏11 + ✏22; ✏22 = � ⌫l
1� ⌫l

✏11, ✏11 =
1

2
(w,1)

2



An	
  asymptoLc	
  analysis	
  (Cont.)	
  

!   The	
  potenLal	
  energy	
  of	
  the	
  film/substrate	
  system	
  becomes:	
  

P =

Z L

0

(
GlH

3

12(1� ⌫l)
(w,11)

2 � µ0H(bh)2

4(1 + �)2
1� 2⌫l + 2�⌫l

1� ⌫l
(w,1)

2 +
!Gs�

2(1� ⌫s)
w2

)
dX1

!   The	
  second	
  variaLon	
  of	
  the	
  potenLal	
  energy	
  then	
  leads	
  to	
  (Biot,	
  1937):	
  

!   SubsLtuLon	
  of	
  a	
  sinusoidal	
  mode	
  on	
  w,	
  i.e.,	
  	
  �w = W sin(!X1)

bhc ⇠ (Gs/Gl)
1/3 ; (!H)c ⇠ (Gs/Gl)

1/3

(P,ww�w)�w =
GlH

3

6(1� ⌫l)
�w,1111 +

µ0H(bh)2

2(1 + �)2
1� 2⌫l + 2�⌫l

1� ⌫l
�w,11 +

!Gs�

1� ⌫s
�w = 0



Full	
  SoluLon	
  and	
  CriLcal	
  condiLon	
  

!   Second	
  variaLon	
  of	
  the	
  potenLal	
  energy:	
  

�uj(X1, X2) = exp (i!X1)

"
X

I

�U I
j exp (⇣I!X2)

#
,

�↵(X1, X2) = exp (i!X1)

"
X

I

�AI
exp (⇣I!X2)

#
,

!   Look	
  for	
  soluLon	
  of	
  the	
  type	
  :	
  	
  

⇣I :	
  complex	
  roots	
  obtained	
  by	
  the	
  characterisLc	
  equaLon	
  
resulLng	
  from	
  the	
  Euler-­‐Lagrange	
  equaLons	
  

(P,gg(g0(⇤c),⇤c)�g)�g = 0, ⇤c = {�c
1,bhc}



Results	
  

!   Purely	
  MagneLc	
  Loading	
  and	
  Zero	
  Stretching	
  

!   Purely	
  Mechanical	
  Loading	
  

!   Combined	
  MagneLc	
  &	
  Mechanical	
  Loading	
  



Purely	
  MagneLc	
  Loads:	
  Zero	
  stretching	
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Hierarchical	
  instabiliLes	
  working	
  together!	
  

Perpendicular configurationParallel configuration

z  The	
  instability	
  is	
  a	
  combinaLon	
  of	
  a	
  structural	
  and	
  microstructural	
  instability.	
  
z  Hierarchical	
  instabiliLes	
  explain	
  the	
  difference	
  between	
  Par/Perp	
  
z  More	
  studies	
  need	
  to	
  be	
  done	
  at	
  the	
  different	
  scales	
  



Purely	
  Mechanical	
  Loads	
  

!   Shear Modulus of Substrate:  !   Shear Modulus of Layer:  Gs Gl
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Danas & Triantafyllidis, JMPS, 2014	



Bring	
  MREs	
  mechanically	
  
near	
  a	
  criLcally	
  stable	
  state	
  	
  

Destabilize	
  with	
  low	
  
magneLc	
  field	
  (~0.1Tesla)	
  

M
ag

ne
tic

 F
ie

ld

a) b)

Pre-straining	





Combined	
  Magneto-­‐Mechanical	
  Load	
  :	
  h-­‐G	
  

!   Shear Modulus of Substrate:  !   Shear Modulus of Layer:  Gs Gl
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Post-­‐bifurcaLon	
  with	
  Finite	
  Element	
  

Work	
  in	
  progress	
  



Boundary	
  Value	
  Problems	
  including	
  air	
  

EnLre	
  2D	
  Geometry	
  including	
  
both	
  air,	
  MRE	
  layer	
  and	
  substrate	
  

MRE	
  thin	
  layer/film	
  on	
  a	
  
passive	
  polymer	
  

Stationary Air 

Movable Air 

MRE/substrate structure 

Elastomer 
(non-magnetizable) 

MRE layer/film 

h : magnetic lines 
W (F) =

µ

2
(I1 � 3) +

µ0

2
(J � 1)2

W (F,M)



MRE	
  layer	
  /	
  substrate	
  simulaLon	
  

Gs/Gl = 0.1

20 

40 

Air

MRE film

Substrate (Isotropic)

µ0 h2

M2/Ms E11



No	
  prestretch	
  :	
  criLcal	
  field	
  and	
  modes	
  



Prestretch,	
  criLcal	
  field	
  and	
  modes	
  

z  With	
  increasing	
  substrate	
  sLffness	
  &	
  stretch	
  and	
  thickness	
  we	
  form	
  creases…	
  
z  The	
  interplay	
  of	
  mechanical	
  and	
  magneLc	
  fields	
  is	
  very	
  rich…	
  



FabricaLon	
  and	
  Experiments	
  underway…	
  

Magnetic field hMagnetic field h
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!   The different scales… 

!   A first experiment… 

MRE film 
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Post-­‐bifurcaLon	
  response	
  :	
  Ridge	
  or	
  Crease	
  

20 

40 

Gs/Gl = 0.5

µ0 h2 E11



Combined	
  Magneto-­‐Mechanical	
  Load	
  :	
  h-­‐λ	
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Combined	
  Magneto-­‐Mechanical	
  Load	
  :	
  h-­‐G	
  

!   Shear Modulus of Substrate:  !   Shear Modulus of Layer:  Gs Gl
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MRE	
  Micrographs	
  &	
  Material	
  FabricaLon	
  

γ

Magnetic field, h

τ

τ

Zoom

Microstructure

iron-particles

elastomer

Pa
rt

ic
le

 ch
ai

ns

N

!   MRE	
  comprises	
  25%	
  iron	
  parLcles	
  of	
  0.5-­‐5μm	
  size.	
  

!   MRE	
  cured	
  in	
  0.5T	
  magneLc	
  field.	
  

!   Curing	
  process	
  leads	
  to	
  formaLon	
  of	
  parLcle	
  chains.	
  

[Ginder et al., 1999] 



CriLcally	
  stable	
  MREs	
  

Air

MRE film

Substrate (Isotropic)

!   Combine mechanical and magnetic loads in such a way that: 
  

!   Using first purely mechanical loads bring the system near (but 
not at) a critically stable regime 

!   Trigger the instability with a tiny magnetic field 



Effect	
  of	
  surface	
  treatment	
  

Isotropic	
  distribuLons	
  of	
  parLcles	
  

5µm 

With surface 
treatment (primer) 

Without surface 
agent (no-primer) 

Pa
rt

ic
ul

es
 

M
R

E 

Uniaxial	
  tension	
  at	
  different	
  vol%	
  	
  
along	
  the	
  parLcle	
  chains	
  

Images taken at the SEM of LMS 



c=25%,	
  w=wd=0.25	
  

✓ = 5o

Applied	
  magneLc	
  field,	
  h	
  

z  A	
  misorientaLon	
  of	
  the	
  ellipse	
  leads	
  to	
  change	
  in	
  the	
  sign	
  of	
  the	
  
macroscopic	
  magnetostricLon!	
  

z  θ=0	
  leads	
  to	
  no	
  rotaLon	
  but	
  instability	
  occurs!	
  

F 12 = F 21 = 0

S11 = S22 = 0

Tmech = 0

bh/⇢0Ms



Wrinkling	
  &	
  Creasing	
  with	
  EAPs	
  

Wang & Zhao, PRE, 2013 



Square	
  distribuLon	
  

X1

X2

!   ParLcle	
  vol	
  %	
  :	
  	
  5-­‐35%	
  

!   Number	
  of	
  parLcles	
  :	
  1	
  

L

L

Tmech = 0

bh



c=25%,	
  w=wd=1	
  

z  Monotonic	
  dependence	
  on	
  vol%	
  for	
  small	
  fields	
  
z  Non-­‐monotonic	
  dependence	
  on	
  vol%	
  for	
  large	
  fields	
  due	
  to	
  

magneto-­‐mechanical	
  interplay	
  at	
  finite	
  strains	
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Interface/Boundary	
  CondiLons	
  

!   Interface/Boundary	
  condiLons	
  at	
  :	
  

(X1, X2) 2 R⇥ {0}

{�ui}l = {�ui}s
{�↵}l = {�↵}s

!   Interface/Boundary	
  condiLons	
  at	
  :	
  

(X1, X2) 2 R⇥ {H}

{�↵}l = {�↵}a

Air

MRE film

Substrate (Isotropic)

{Luu
i2kl�uk,l + Lu↵

i2k�↵,k}l = {Luu
i2kl�uk,l + Lu↵

i2k�↵,k}s�
L↵u
2jk�uj,k + L↵↵

2j �↵,j

 
l
=
�
L↵u
2jk�uj,k + L↵↵

2j �↵,j

 
s

EssenLal	
   Natural	
  

{Luu
i2kl�uk,l + Lu↵

i2k�↵,k}l = 0
�
L↵u
2jk�uj,k + L↵↵

2j �↵,j

 
l
= 0

EssenLal	
   Natural	
  

NOTE:	
  Incremental	
  moduli:	
   Luu
ijkl =

@2P
@Fij@Fkl

, Lu↵
ijk =

@2P
@Fij@ eAk

, L↵↵
ij =

@2P
@ eAi@ eAj



CriLcal	
  CondiLon	
  and	
  criLcal	
  load	
  

!   The	
  use	
  of	
  Euler-­‐Lagrange	
  equaLons	
  together	
  with	
  the	
  
boundary	
  condiLons	
  lead	
  to	
  10x10	
  system:	
  

Air

MRE film

Substrate (Isotropic)

10X

q=1

Dpq(⇤,!H) Hq = 0, 1  p  10

Hq = Hq(�U I ,�AI)

where	
  

!   CriLcal	
  condiLon	
  and	
  criLcal	
  load:	
  

det[D(⇤,!H)] = 0, ⇤c = {�c
1,
bhc} = inf

!H
⇤(!H)

z  InteresLng	
  to	
  see	
  what	
  Catastrophe	
  Theory	
  can	
  tell	
  us?	
  


